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Abstract. This work addresses the problem of infrared mass renormaliza- 
tion for a scalar electron in a translation-invariant model of non-relativistic 
QED. We assume that the interaction of the electron with the quantized elec- 
tromagnetic field comprises a fixed ultraviolet regularization and an infrared 
regularization parametrized by a > 0. For the value p = of the conserved to- 
tal momentum of electron and photon field, bounds on the renormalized mass 
are established which are uniform in <r — > 0, and the existence of a ground state 
is proved. For \p\ > sufficiently small, bounds on the renormalized mass are 
derived for any fixed a > 0. A key ingredient of our proofs is the operator- 
theoretic renormalization group using the isospectral smooth Feshbach map. It 
provides an explicit, finite algorithm that determines the renormalized electron 
mass at p = to any given precision. 
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Conventions: We use units in which the velocity of light c, Planck's constant H, 
and the bare electron mass m have the values c = h = m = 1 . 
The letters C or c denote various constants whose values may change from one 
estimate to another. 

£(7^1,7^2) and B(Hi, H.2) denote the linear, and the bounded linear operators Hi — > 
H2 for Banach spaces Hi, H2- 

D r {z) C C is the closed disc of radius r centered at z, and D r = D r (0). 
B r (x) C K 3 is the closed ball of radius r centered at x S M 3 , and B r = B r (Q). 
(v,t/)r3 denotes the Euclidean scalar product for vectors v,v' £ R 3 . 
v 2 = (v,v) M s = \v\ 2 . 
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1. Definition of the model 



We study the translation-invariant system of a non-relativistic, spin-0 electron 
in R 3 that is minimally coupled to the ultraviolet regularized quantized electromag- 
netic field. This model of quantum electrodynamics (QED) with non-relativistic 
matter has originally been proposed by Dirac and Jordan. 

The Hilbert space of the (spinless) electron is given by 

(1.1) H e i = L 2 (R 3 ,d 3 x el ) . 

The field quanta of the quantized electromagnetic field are massless, relativistic 
bosons, referred to as photons. The Hilbert space of one-photon states is given by 

(1.2) I) := L 2 {R 3 ,d 3 k)®C 2 , 

where k e R 3 is the momentum of a photon. The factor C 2 accommodates its 
transverse polarization states in the Coulomb gauge. One can choose a pair of 
polarization vectors e(k, A) G R 3 , \e(k, A)| = 1, for A e {+,—}, associated to every 
k e R 3 \{0}, such that the triple (e(k, +),e(k, —),nk ■= jfy ) is an orthonormal basis 
in R 3 . The label A e { + , — } indicates the polarization of the photon. 

The bosonic Fock space describing the pure states of the quantized electromag- 
netic field is defined by 

(1.3) T = 0Sym„ff", 

n>0 

where Sym„ is the orthogonal projection onto the subspace of totally symmet- 
ric n-particle wave functions in the n-fold tensor product of [). The zero photon 
sector is given by Syn^h® := C{f2}, where is the vacuum vector in T . Vec- 
tors ^ G T arc identified with sequences (ipo, ipi, . . . ), where <= C, and where 
ipn{ki, Ai, . . . , k n , A„) are n-particle wave functions that are totally symmetric with 
respect to their n arguments. 

For convenience, we introduce the notation 

(1.4) K:={k,X) , f dK := J2 I d 3 k , 

Ae{+,-} 

and 

(1.5) fiK := {fik,X) for/ieR. 
The inner product on T is then defined by 

oo „ 

(1.6) (*,$):= ^ / dK,--- dK n MKi, ...,K n ) ^(K u ...,K n ) . 

Given A G {+, — } and / e L 2 (R 3 , d 3 k), we define an annihilation operator a(f, A) 
acting on any ^ = (tp n )^Lo with only finitely many non-zero entries by 

(1.7) (a(f,X)^) n (K u ...,K n ) :=Vn~TT J d 3 kf(k)^ n+1 (k,X,K 1 ,...,K n ) 
and 

(1.8) a{f,X)Q = 0. 
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This defines a closable operator a(f, A) on T whose closure is also denoted by 
a(/, A). The adjoint of a(f, A) with respect to the scalar product on T is the 
creation operator a*(f, A). With a(f, A) being anti-linear, and a*(f, A) being linear 
in /, it is possible to write 

(1.9) a(/,A) = J d 3 kj(k)a(k,\) , a*(f,X)= J d 3 k f(k)a*(k,X) , 

where a(K) and a*{K) are unbounded, operator- valued distributions satisfying the 
canonical commutation relations 

[a(K),a*(K')] = S x . x ,S^(k - k') , [J(K), a}{K')] = . 

For brevity, a" henceforth denotes either a or a* . 

The energy and momentum of a single photon with wave vector k is given by 
|fc| and k, respectively (recalling that in our units, the speed of light and Planck's 
constant have the value 1). A configuration of n non-interacting photons with wave 
vectors fci, . . . , k n has energy Y^j=i IM> an d momentum ^™ =1 kj. We define the 
free field Hamiltonian Hf, and the free field momentum operator Pf, by 



{H f *) n (K u ...,K n ) - (j2\kj\)MKi,...,K n ) , 

n 

(1.10) (P/*) n (/i:i,...,Jf n ) = (j^k^ n {K U ...,K n ) , 

and (Hf^)o = 0, (P/^)o = 0. Expressed in terms of creation and annihilation 
operators, 

H f = J dKa*(K)\k\a x (K) , 

(1.11) P f = J dKa*(K)ka(K) , 
which arc defined as weak integrals. 

The states of an electron coupled to the quantized electromagnetic field are 
elements of the tensor product Hilbert space 

H - Hei <8> T . 

The model studied in this paper is defined by the Hamiltonian 

1 2 

(1.12) H QED = -(iV Xel ®l f -gA K<T (x e i)) +l el ®H f . 

Here, A KtT {x e \) denotes the (regularized) quantized vector potential defined by 

(1.13) A Ka (x el ) := f^r K a (\k\){e{K)e^ k ^ ® a x (k) + h.c.) . 

J \k\ 2 

It couples the electron to the degrees of freedom of the quantized electromagnetic 
field. Moreover, g denotes a coupling constant corresponding to the electron charge. 
Given an infrared regularization parameter a > 0, k„ € C^°([0, 1];K+) is assumed 
to be a smooth cutoff function obeying 

(1.14) < IKIU + \\x a d x (x- a K(r )\\ a < 10 
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and 

(1.15 lim = 1 , 

where 

(1.16) ||/|| CT := sup \x-"f{x)\ . 

Most of the time, we have a > 0, although we are really interested in the limit 
<t\0. 

By translation invariance of the system, we may write Tt as a direct integral with 
respect to the total momentum operator 

(1.17) Ptot =N Xel <8> lf + laQPf , 
given by 



(1.18) H= d 3 P H p . 

Jm.3 



Each fiber Hilbert space TC P , labeled by a vector p <G R 3 corresponding to the 
conserved total momentum, is isomorphic to T , and invariant with respect to the 
unitary time evolution e~ ltHQBD . 

By invariance of H p under the unitary evolution generated by Hqed, it suffices 
to study the restriction of Hqed to the fibers TC P , which we denote by H(p, a) (the 
fiber Hamiltonian on Ti p ). Thus, for any fixed p£l 3 , 

H(p, a) = Hf + l -{p-P } -gA K „) 2 

(1-19) = ^+H f -\p\pf-g\p\Al + ^(P f +gA K S , 

where A Ka := A K<7 (0). We are using the notation 
(1.20) w 11 := (v,n p ) R 3 , n p := — , v 1 - 

for ^p,v e M 3 . 



2. Statement of the main results 



We study the spectrum of the fiber Hamiltonian H(p, a) in the vicinity of its 
infimum E(p,a). We prove that E(p,a) is a simple eigenvalue and construct the 
corresponding eigenvector ty(p,cr) e T = H p provided that either a > and 
< \p\ < 1 or a > if p = 0. The vector ^(p, a) is an infraparticle state, 
describing a compound particle comprising the electron together with a cloud of 
low-energy (soft) photons whose expected number diverges as a — > 0, unless p = 0. 
One of our main goals in this paper is to determine the renormalized electron mass. 

The renormalized electron mass can be defined as follows. Let Hess E(p, a) 
denote the Hessian of E(p, a) at p e K 3 . We compute 

(2.1) {HeS sE M)ij . (^-^fj^M^^EM. 
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As a linear map, it has a simple radial eigenvalue d 2 p ^E(jp,a), and a tangential 
eigenvalue d|pi-^(P' <T ) of multiplicity two. If p = the Hessian simplifies to a multiple 



of the identity, d^E(0, (7)13. We shall refer to the radial eigenvalue 

1 

(2.2) m ren (p,a) := 

as the renormalizcd electron mass. 



One of our main purposes in the present paper is to study m ren (p, a). If p ^ 0, 
we shall derive bounds on m ren (jp, a) which are not uniform in a . Uniform bounds 
are beyond the scope of this work and are established in 5 . A corollary of the 
results in is that 



(2.3) 



Urn lim m ren (p, a) 



lim lim m ren (p,o~) 

p— >0 cr— »0 



In the literature, m ren (0, 0) is the most common definition of the renormalized 
mass. In the present work, we assume the commutativity of the limits in ( I2.3JI : 
see condition ( 114. 8fl below, and |S] for a proof. Under this condition we prove 
uniform bounds in the p = case. We emphasize that our bounds on m ren (0, a) are 
constructive and can be used to devise an algorithm to compute the renormalizcd 
mass to any given precision. 

Theorem 2.1. Assume that < \p\ < ^. Let E(p,o~) denote the infimum of the 
spectrum of the fiber Hamiltonian H(p, a) defined in where a > if p 7^ 0, 

and a > if p = 0. 

• A. The case p ^ 0: For any a > ; there exists a constant go( <T ) > such 
that, for allO < g < go(o~), H(j>,o~) has an eigenvalue E(p,o~) of multiplicity 
one at the bottom of absolutely continuous spectrum. Moreover, there is a 
finite constant Co(a) > independent of g such that 



IpI' 1 



E{p,a)-^-- 9 -(^Aln) <c (a) 



with 



d M E{p,a)-\p\ <c (a)g 2 \p\ 



g 2 \p\ 2 



(2.4) 



(2.5) 



Consequently, 



where 



< 1 



d* pl E(p,<j)<c (cr)g 2 



1 < m ren (p, cr) < 1 + c {a)g 2 



is the renormalized mass. 

B. The case p = 0: There is a constant go > independent of a > such 
that, for arbitrary a > and for any < g < go, H(0,a) has an eigenvalue 
E(0,a) of multiplicity one at the bottom of absolutely continuous spectrum. 
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(2.6) 



(2.7) 



There are finite constants ci, C2 > independent of g, p and a > such 
that 



Moreover 
and 



< E(0,a) < c l9 2 . 
(d lp[ E)(0,a)=0, 



1 < m ren (0, a) < 1 + c 2 g 2 . 
Assuming condition f \2.tf) (corresponding to ( \ below), 



lim lim m ren (p, a) = 1 + C25 2 + 0(g 3 ) 



f'2 



lim lim ( , A 



8rr /• , k 2 (x) 
= T / TTi ' 

JR + 1 ' 2 



and k(x) := lim (7 _ > o ^(x). 



2.1. Discussion. The renormalized mass m ren (0, 0) can be determined perturba- 
tively. For a sharp ultraviolet cutoff at A, and setting the bare mass equal to 1, the 
ground state energy has the form 

.2 



(2.8) E(p,0) 
where to leading order in g, 
(2.9) 



E 



En 



P 



2m rCTl (0,0) 



0(p 4 ) 



2tt 9 2 A 2 



and 

(2.10) 

so that 
(2.11) 



M 1 



2m ren (0, 0) 



2 

bl 2 



(1 



16tt 



A, 



ff 2 log(l + -)) 



2 1 + 16£ 5 2 log(1+ A) 



"Ven(0, 0)«1 + 



167T 2l A, 

— 5 2 iog(i + -; 



This agrees with ( 12.6(1 and ( 12. 7|) . (It is a common convention to include a factor 
in the definition ( 11.13(1 . whereby g corresponds to and 16 g g to ^^-.) 
A presentation of the leading order calculations producing these results can for 
instance be found in |14| . An important result of this paper is that the right hand 
side of ( 12. 11(1 is the correct value of the renormalized mass, up to an error o(g 2 ). 

Note that f 12. 9(1 and ( 12.11(1 depend on the ultraviolet cutoff A. Throughout this 
paper, we choose A to be 0(1). We do not study ultraviolet renormalization, i.e., 
we do not worry about the dependence of Eq and m re „(0, 0) when A — > 00. For 
some preliminary results see [7| > an d f° r a recent survey. 
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Remark 2.2. The upper bound on \p\ of | is not optimal, but we note that, for 
E(p,a) to be an eigenvalue, \p\ cannot exceed a critical value p c < 1 (corresponding 
to the speed of light). As \p\ — > p c , it is expected that the eigenvalue at E(p,a) 
dissolves in the continuous spectrum, while a resonance appears. This is a mani- 
festation of a phenomenon analogous to Cherenkov radiation. 

Remark 2.3. Our analysis is based on the operator-theoretic renormalization group 
method involving the smooth Feshbach map, which is developed in pQ. This method 
provides a convergent expansion for both E(0,0) and m ren (0,0) in powers of the 

2 

feinstructure constant a — with coefficients that are themselves functions of a. 
It is a subtle and significant issue that the latter diverge in the limit a — > like 
a~ e , where e > is arbitrarily small. Note that E(0, 0) and m ren (0, 0) cannot be 
represented as a convergent power series in a. 

Remark 2.4. Inequality ( \2.5j) expresses the fact that the mass of the electron is 
increased by interactions with the photon field. 

Remark 2.5. A priori, the constant C2(cr) in ( \2.4\ ) might diverge in the limit 
a — > 0; but one can prove bounds that are uniform in a, see [5]- In this work, we 
prove c(a) < for an explicitly computable constant C which is independent of 
g and a. 

Remark 2.6. The operator-theoretic renormalization group method provides a con- 
vergent, finite algorithm for determining the values of £7(0,0) and m re „(0,0) to 
arbitrary precision. 

Remark 2.7. The existence of the ground state at p = for a = 0, and renor- 
malization of the electron mass is an important ingredient for the phenomenon of 
enhanced binding, |2] and |101 15). A Schrddinger operator with a non-confining 
potential can exhibit a bound state when the interaction of the electron with the 
quantized electromagnetic field is included. Binding to a shallow potential can be 
energetically more favorable for the electron than forming an infraparticle through 
binding of a cloud of soft photons. 

Remark 2.8. As stated above, in this paper we use an operator-theoretic renor- 
malization group method based on the "smooth Feshbach map", in order to prove 
our main result (Theorem and, in particular, to determine m ren (0,0). This 
method has been developed in £Q. We expect that, alternatively, A. Pizzo's method 
of iterated (analytic) perturbation theory |13| could be used to reach the same goals. 
In fact, Pizzo 's method has been shown to be applicable to the problem of determin- 
ing the ground state and the ground state energy of a hydrogen atom interacting 
with the quantized radiation field, see [2], which is similar to the problem solved in 
this paper. 



3. Strategy and organization of the proof 

The purpose of this section is to outline the key steps and analytical methods 
used in our proof of Theorem 12. II 
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3.1. Smooth Feshbach map. An important functional-analytic tool that we em- 
ploy to establish Theorem 12. II is the smooth Feshbach map, £[]. This is an essential 
ingredient of the operator-theoretic renormalization group method and is addressed 
in detail in Section 14. II Its main features can be summarized as follows. 

Let Tt denote a separable Hilbcrt space, let t and H be closed operators on Ti, 
and assume that the operator oj := H — r is defined on the entire domain of r. We 
choose a positive operator < x < 1 on ^ which, together with \ := \/l — x 2 , 
shall commute with r and leave the domain of r invariant. The operators (H,t) 
are called a Feshbach pair corresponding to x 11 the bounds formulated in eq. (EU, 
below, are satisfied. 

The smooth Feshbach map is defined on Feshbach pairs with values in the linear 
operators on Ti. It is defined by 



A quintessential property of F x (H,t) is (Feshbach) isospectrality (Theorem 14.20 : 

• H is bounded invertible on Ti if and only if F X (H, r) is bounded invertible 
on Ran(x). 

• is an eigenvalue of H with multiplicity no if and only if is an eigenvalue 
of F x (H, t) with the same multiplicity. 

• If t and H are selfadjoint operators on Ti, then H and F X (H, r) are of the 
same spectral type at 0; see £Q for details. 

In this precise sense, the smooth Feshbach map allows us to study the low-energy 
spectrum of H by analyzing a bounded operator, F x (H,t), on a proper subspace, 
Ran(x), of Ti. The operator-theoretic renormalization group is used to prove (in 
a recursive fashion) that there is a choice of \ f° r which F x (H, r) is well-defined 
and such that it can easily be seen that the bottom of the spectrum of F x (H, r) 
consists of a simple eigenvalue. By Feshbach isospectrality, one then concludes that 
the bottom of the spectrum of H consists of a simple eigenvalue, too. 

As compared to the version of the Feshbach map based on sharp projectors, 00], 
the smooth Feshbach map is simpler to handle, analytically (differentiability of the 
cutoff operators), but somewhat more complicated algebraically, since XX 0- All 
this is discussed in detail in Section l4~51 

3.2. A Banach space of generalized Wick kernels. Our key strategy is to 
relate the spectral problem outlined above to a discrete dynamical system in a 
Banach space of operators, in the spirit of K. Wilson's formulation of the renormal- 
ization group. The first step in this construction is to define this Banach space, cf. 
sectional 

We consider bounded operators of the form 



(3-1) 



where 



(3.2) 



H x :=r + x^X , H x := t + x^X ■ 



(3.3) 
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on the fixed Hubert space Tired '■— l[Hf < l]-? 7 , referred to as effective Hamiltoni- 
ans. Here, we have introduced the notation 

(3.4) V:=(H f ,P f ), 

and we denote the spectral variable corresponding to V_ by 

(3.5) X=(X ,X)e[0,l]xB 1 , 
where X = (X 1 ,X 2 ,X 3 ). 

• In ( 13. 3|) , E is a complex number which plays the role of a spectral param- 
eter. 

• The operator T\P\ satisfies T[0] = 0. It is referred to as the non-interacting, 
or free part of H. 

• The operator W, referred to as the interaction part of H, is of the form 



w= J2 Wm >- 



M+JV>1 

where Wm,n is a generalized Wick monomial in M creation and N annihi- 
lation operators, 

Wmn = [ d^ M > N \K( M \RW) 

J B M + N 

a WM,N 

where ifM := (K 1 ,...,K M ), kW = {Ki,...,K N ), and where K t = 
(fcj, Xi), Kj — (kj, Xj) are pairs of photon momenta and polarization labels. 
Furthermore, 

d^K( M \k^) : = nn dKi dKi 



<= i i= i yM vN 

M 

The precise definition is given in f !5.8|l below. Wm,n is uniquely determined 
by its generalized Wick kernel wm,n\Pj, K^ m \ K^ n ']. We note that the sin- 
gular photon form factors are absorbed into the integration measure 
d^S M,N ^ , while the infrared regularization depending on a is contained in 
the generalized Wick kernels wm,n- 

Adapted to ( I3.3|l , we introduce a sequence space of generalized Wick kernels 
(3.6) M> = C®T®M>i 

that parametrizes the effective Hamiltonians. Here 

(3-7) W>i = 2Um„ 



M+N>1 



is the range of E. 
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• 1 is the space of functions T[X] with T[0] = 0, equipped with the norm 

E + E 

ao=0,l 0<^Jai<2 

The precise definition of this norm is given in ( I5.18J1 . 

• 2Um,jv is the space of functions wm,n[X_] K^ m \ K( n *>], equipped with the 
norm 

|^M,JV||| ~ Sup Sup Sup IT |fcj| -<7 |fcy| 

h |X|<Xo<l L i= i j 



i = l,...,M ■ 



j=l,...,JV 3=1,. ...JV 

X 



E + E )\ d X_ w M,N\ 

a o =0,l l<^Jai<2 

The precise definition of this norm is given in ( 15.14(1 . The factors |fci| _cr , 
|fcj|~ CT implement the infrared regularization, since finiteness of ||wM,jv||St 
evidently implies 

+( E + E )\ d i w M, N \ 

a =0,l l<Y,lai<2 



i=l,...,M j = l,...,N 



as \ki\, \kj\ -> 0. 



For w = {E,T, Wi) £ 2U>o with «Ji := (icm.aOm+a^i, and a fixed number 
< £ < 1, we define the norm 

(3.8) NkeH£| + rt + IKIk« 

with 

(3.9) ikiu,^= E r^iiwiii . 

M+iV>l 

This endows the space 2IJ>q with a Banach space structure. There exists an injective 
imbedding 

(3.10) H : W> a ^ B{Hred) , 
such that for every w € 2U> , 

(3.11) H[w] =E1+ T[P] + W[w] 
with 

(3.12) W[w] := J] ff M ,«K,«] 

M+JV>1 

is an effective Hamiltonian of the form ( I3.3|l . Our norms are chosen such that 

(3-13) \\H\w\\\o P < C\\w\U , 

where || • \\ op denotes the operator norm on H re d- 
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These constructions are discussed in detail in Sectional 



3.3. The isospectral renormalization map lZ p . To implement the multiscale 
approach outlined above, we define an isospectral renormalization transformation 
that maps a polydisc contained in 2IJ>o into itself. 

To define the polydisc, we introduce a family of non-interacting comparison 
theories defined by Tq P '^ S X with 

(3.14) T^\P]^H f -\p\pj+XPj, 

where P\ is the projection of Pf onto the conserved momentum p, and < A < | 
is a real parameter. The effective Hamiltonians in our problem are compared with 
the free family of theories defined by Tq P,X ^ S X. 

In this spirit, we introduce a polydisc S)(e, S, A) C 2n> given by 



M,A)«{ffi = (£,T,ffi 1 ; 



E GD_ 



(3-15) \\T-T^ X) y<5 , |K|U, f <e }, 

where Dj_ := {z e C\\z\ < j^}. Let < p < \. For e, 5, A sufficiently small, and 
w e D(e, (5, A), one can verify that (H\w\,Hf) is a Feshbach pair corresponding to 
X P [H f ]=xi[p- l H f }. 

We let S* p denote the rescaling operator, which acts on creation- and annihilation 
operators by 

(3.16) S p [J(K)] = p-^a}{p- 1 K) and S p [l] = p^l . 

(We note that the definition of S p includes multiplication by -. Under unitary 
scaling, a)(K) is mapped to p~i a^p^ 1 K)). 

Moreover, we denote by E p a renormalization of the complex number E. 

The isospectral renormalization map is then defined by 

(3.17) Rf[H\w]} = (E„ o S p o F Xp[Hf] {- , H f j) [H\w\] , 



by composing an application of the smooth Feshbach map with a rescaling trans- 
formation, cf. section El 

We next lift Rf to 2H> . Given w G D(e,<5,A), we define a renormalization 
map acting on generalized Wick kernels 1Z P whose domain is defined by those el- 
ements w £ 2U>oj f° r which R p [if [to]] is well-defined and in the domain of H~ l . 
Accordingly, 

(3.18) TZ P := H- 1 o R p o H , 

where H : w i— > H[w]. (Note that here the injectivity of H and R p : Ran(i?) — > 
Ran(i?) are crucial.) 
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3.4. Codimension two contraction property of 1Z P on a polydisc. Our main 
result in the context of the operator-theoretic renormalization group states that 1Z P 
is contractive on a codimension two subspace of D(e,8, A). This is a consequence 
of the following facts. 

Let w = {E^T^w^ € S(e, <5, A), and 

(3.19) w := H p \w\ = (E,f,w x ) . 
We will show that 

(3.20) E = p-\E + 0{e)) , 

i.e. the spectral parameter E is magnified by a factor - through the rescaling 
transformation. The operator El thus belongs to a 1-dimcnsional space of relevant 
perturbations, but by explicit change of variables, implemented by the map E p , this 
1-dimensional subspace of operators can be projected out. 

We may then restrict our attention to the spaces of marginal and irrelevant 
perturbations. We shall prove that 

(3.21) \\f-T^ pX) \\ % <5 + €. 

Thus, under application of TZ P , the bound in ( I3.15fl involving T is transformed 
according to 6 — > S + e and A — > pX. The leading terms in T of the form aHf + 

pp\ are invariant under the rescaling transformation and hence belong to a 2- 
dimcnsional space of marginal perturbations. 

We will prove for the renormalized generalized Wick kernels that 

(3.22) ti M>N = p^+^+^-^wm^ + Awm^) ifp^O 
and 

(3.23) w m ,n = p m ^ M+N - l ^(wM,N + Aw M ,N) if V = , 
for M + N > 1, where (with Au^ := (Awm.n)m+n>i) 

(3.24) ||A«k||a,£ <ce 2 . 

The powers of p are generated by the scaling transformation (that is, by the action 
of S p on Wm,n] this is explained in Section fG. 1.1(1 . The terms Au>m,n are produced 
by the smooth Feshbach map. If p ^ 0, every wm,n is contracted by a factor p a , 
or smaller, under an application of the renormalization map. In the special case 
p = 0, this factor is given by p, independently of a. One obtains 

ll&lke < P a (IKIk 5 + ||A^ilks) 

(3.25) < p a {e + 0{e 2 )), 

where a = a if p ^ 0, and a = 1 if p = 0. Thus, for a suitable choice of p (which 
depends on a if p ^ 0, but not if p = 0), 

(3-26) \\w x \ aA < ~. 

Thus, from application of 7?.p, e — ► | in the bounds formulated in f !3.15|l . 

In conclusion, 
(3.27) n p :V(e,d,\)^V(^,6 + e,p\) 
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for all < e < eo(er), < 5 < 5o(<r) + 2eo(cr) sufficiently small if p ^ 0, and for all 
0<e<eo,0<<5< <5o + 2eo sufficiently small (independently of <r) if p = 0. Ignoring 
the subspace of relevant perturbations spanned by El, which is explicitly projected 
out, this expresses the codimension two contraction property of the renormalization 
map. The details of this analysis are presented in Section l6.6l 

3.5. The first Feshbach decimation step. In the first Feshbach decimation step, 
the fiber Hamiltonian H (p, a) is mapped to an effective Hamiltonian that is used 
as an initial condition for the renormalization group recursion. 

To this end, we verify that for E e ^ — h (fi, A^Q) + Di_, and g sufficiently 
small, (H(p, a) — E, Hf) is a Feshbach pair corresponding to xi [Hf] . We then find 
an element in a polydisc D(eo, So, \ ) such that 

(3.28) H\wW] = F Xl[Hf] (H(p,a)-E,H f ) . 

H [w^] and H(p, a) — E are isospectral in the Feshbach sense. The parameters eo 
and Sq are both O(g). 

3.6. The isospectral renormalization group flow. We assume that the elec- 
tron charge g, and therefore the parameters eo,So, are sufficiently small such that 
IZp is codimension 2 contractive on 2)(eo, So + 2eo, \)- If P ^ 0, one must assume 
that g < go(<j), while if p — 0, one can assume that g < ga independently of a. 

Repeated application of the renormalization map yields a sequence (wj- n ') n >o 
satisfying w^ n+1 ) = lZ p [u£ n ^}. The index n is referred to as the scale of the effective 
problem obtained after the n-th recursion. The effective Hamiltonian of the scale 
n is given by 

(3.29) H\w^] = E^ n h + T^[V] + W[w (n) ] , 

and has an operator norm bounded by || op < c||w ( -™- ) \\ a ^ on H. re d- 

By ( I3.27J) . the scaling limit (n — * oo) is characterized by an element y/ 00 ^ G 
S)(0, Sq + 2eo,0) in the vicinity of T^' ' relative to the || ■ ||<r-norm. That is, 
H[w^} = aH f +0Pf, where \a - 1|, \/3 + \p\\ < S + 2e . 

Thus, for a > and < \p\ < ^, or a = and p — 0, the fixed point set of 
1Z P (after elimination of the one-dimensional relevant subspace of perturbations) 
consists of a 2-dimensional linear center stable manifold that parametrizes a uni- 
versality class of non-interacting theories. However, we remark that for a = and 
< \p\ < the generalized Wick kernels Wifi and Wo,i (which are hermitean 
conjugates of one another) are strictly marginal operators, as is proven in 5 . Cor- 
respondingly, the fixed point set of 1Z P is then given by a 3-dimcnsional center stable 
manifold that parametrizes a universality class of theories. 

3.7. Ground state eigenvalue and eigenvector. In Section ^1 we use the 
isospectral renormalization group to prove the existence of a simple eigenvalue 



RENORMALIZED ELECTRON MASS IN NON-RELATIVISTIC QED 



15 



E(p, a) at the bottom of the spectrum of H{p 1 a), and to construct the correspond- 
ing normalized eigenvector ^f(p, a) for a > 0. In the case p = 0, the same is achieved 
for a > 0. 

Key to this analysis is the fact that the infimum of the spectrum of H\w}°°'] = 
aHf + f3Pj is a simple eigenvalue at {0} <E C, and the corresponding eigenvector 
is the Fock vacuum 6 Tired- Using Feshbach isospectrality fTheorem 14. 2|) . this 
suffices to reconstruct the ground state eigenvalue and eigenvector of H (p, a). 



3.8. Soft photon sum rules. For a > 0, it is possible to prove ( I3.27J) along 
the lines presented in yQ. When a = and p = 0, additional, new techniques are 
needed, due to the following subtle and important issue. 

Our result states that the interaction is irrelevant even if a = 0, provided that 
p = 0. And indeed, based on the naive scaling of the interaction operators in 
the fiber Hamiltonian H{p — 0, a) (which is notably spherically symmetric), this 
might seem trivial. However, the argument based on pure scaling is unreliable. 
Irrelevance of the interaction is a consequence of symmetries of the model, but 
spherical symmetry alone is insufficient. There are simple examples of spherically 
symmetric models, in which marginal interactions are generated horn irrelevant ones 
through the renormalization map. This is a feature of its non-linearity. 

To treat the case p = 0, we exploit a special property of the QED model, which 
is shared by the Gross transformed Nelson model. In both instances, there ex- 
ists a hierarchy of non-perturbative identities linking the generalized Wick kernels, 
referred to as soft boson sum rules (or soft photon sum rules for QED). 

Given n 6 K 3 , \n\ = 1, let e(n, A) denote the photon polarization vector or- 
thonormal to n labeled by the polarization index A. For /i 6 R + . The sequence of 
generalized Wick kernels w £ 20>o ^ s s& id to satisfy the soft photon sum rules 
SR[/i] if the identities 

gn(e(n, A) , d x ) R3 w m ,n\X^ K^ 1 ^] 

(3.30) - (M + 1) lim x~° wm+i.n [X; , K^} 

= (N + 1) lim x-"w M ,N+i [X; , K^ N+1 



K N + 1 = (xn,\) 



hold for all M, N > 0, and every choice of the unit vector n. We recall that X 
denotes the spectral variable corresponding to Pf. 

Both the generalized Wick kernels of the Wick ordered fiber Hamiltonian H(p, a), 
and satisfy SR[1]. The value fi = 1 is a consequence of the normalization con- 
dition ( I1.15|) . Under the action of the renormalization map 1Z P , SR[/i] is mapped 
to SR[p"^]. This is proved in section|SJ Therefore, satisfies SR[p" CT ]. 

In QED, the soft photon sum rules can be viewed as a generalization of the 
differential Ward-Takahashi identities. However, the existence of soft boson sum 
rules is not necessarily linked to the presence of a gauge symmetry. The Nelson 
model, for instance, admits soft boson sum rules, but does not exhibit a gauge 
symmetry; cf. our remarks in Section l3.11l The soft photon sum rules for the QED 
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model are discussed in detail in Section lp~5l and proven to be preserved by 1Z P in 
Section |H1 Then, in Sections l9l and ITUl we establish the codimension 2 contraction 
property of 1Z P stated above. In every application of 1Z P , the soft photon sum rules 
imply the precise cancellation of all potentially marginal terms. 



3.9. Determination of the renormalized mass. To bound the first and second 
derivative of E(p, a) (which is a function only of \p\) with respect to \p\, we use the 
Feynman-Hellman formula 



(3.31) d w E(p,a) 
from which it will follow t 

(3.32) df p] E(p,a) = l-2- 



(¥(p,(7),¥(p,<r)) 

from which it will follow that 

,<(0|p|*)(P, a) , (H(p, a) - E{p, a)){d\ p ^)(p, a)) 



(*CP,£r), *(p,ff)) 

Eq. ( I3.32fl makes it evident that m ren (p,o~) > 1. Exploiting algebraic identities 
satisfied by the smooth Feshbach map, ( I3.32fl can be directly used to derive the 
bounds asserted in f !2.4|l . for p ^ 0, and a > 0. 

For p — 0, our aim is to find an estimate 1 < m rera (0, a) < 1 + cg 2 with c uniform 
in (j, as o~ — > 0. The key to our method is an understanding of how important 
physical quantities, such as the renormalized electron mass, can be extracted from 
the flow of effective Hamiltonians. 

We notice that there are different ways to extract the renormalized mass from 
the renormalization flow of effective Hamiltonians. One observes in 

2m m 1 2m 3 m m K 2m 

that the inverse of the mass appears in six terms (under the normalization condi- 
tion that the coefficient of Hf is 1). Gauge invariance suggests that the inverse 
renormalized mass can be determined cither through the second derivative in \p\ of 
the ground state energy (as above), or through the quotient between the coefficient 
of and the coefficient of Hf, or through the quotient between the coefficient of 
one of the other operators and the coefficient of Hf. 



Instead of calculating the second derivative of the ground state energy with 
respect to we shall, in the case p = 0, determine the renormalized mass from 

f 



the coefficients of the operators P3 and Hf in the Taylor expansion of the effective 



P - k (n, (9 2 plt r(«)) n) 



p=0 



Hamiltonians in V_, via 

(3.33) -. := lim 

p=0 

Let 

(3.34) AT M [V; P ] := pT^'ip-^p] - T^-^[P-p\ 

denote the correction of T^ n ' due to an application of lZ p . For p = 0, we define 

(3.35) A 7 | Tl) := (d Hf AT^)[0:0} , A^ n) := (d 2 Pf AT^) [0; 0] . 
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We then derive the formula 

1 l + E^-iP- + A 7 ^ 



(3.36) 



,(0,0) i + y.Z-i^ 



where n + = max{rt, 0}. The n = — 1 term accounts for the first decimation step. 
The full discussion is given in Section From the uniform bounds on the sums 
in the numerator and denominator (owing to the fact that the operator in 
is irrelevant), we then arrive at an upper bound on m* en (0,cr) — 1 > which is 
uniform in o. We show that m* en (0, o) = m ren (0, o) for o > 0. By condition ( I2.2|l . 
we then find limo-^o «Ven(0, o) = lim p ^o linv—.o iriren {p, o). This implies a bound 
on the renormalized electron mass for p = which is uniform in o. 



3.10. New techniques. In this paper, we introduce some new techniques that can 
be expected to be useful in a much broader context. Among those, we particularly 
point out the following. 

One of the key new methods entails the soft photon sum rules. These establish 
a hierarchy of non-perturbative identities that are here used to prove the precise 
cancellation of potentially marginal terms in iuo.i and Wi t o for p — 0. In they 
are also used to prove strict marginality of wqa and u>i,o for p =/= 0. 

We introduce a method to determine renormalized physical parameters, such 
as the renormalized mass, by following the renormalization group flow of effective 
Hamiltonians. Key to the technique is a method to directly relate the fiber Hamil- 
tonian H(p,o) to the effective Hamiltonian H\w} n ^] at the scale n, for arbitrarily 
large, finite n. The corresponding identity is presented in Lemma 1 15. 21 The proof 
is based on the recursive use of the important identity ( 14.111) . Lemma fl 5 . 21 allows 
us to prove equality of the expression ( I3.32J) for the inverse renormalized mass 
"Ven(0, o), obtained from the Feynman-Hellman formula, to the definition ( I3.33|) 
of m* era (0, o), which only depends on H[w^]. 

The smooth Feshbach map, in the form used here, has the advantage that ar- 
bitrarily high derivatives with respect to Hf can in principle be applied to the 
effective Hamiltonians. Moreover, derivatives in Hf can simply be estimated in op- 
erator norm. In the case of the Feshbach map based on sharp projectors, only the 
first derivative in Hf could be accommodated, and the delta distributions arising 
therefrom burdened the analysis. However, the price of using the smooth Fesh- 
bach map is that, due to the non- vanishing of overlaps \X 7^ 0j the algebraic side 
of the analysis is somewhat more complicated. In this paper, we introduce many 
new methods, interspersed throughout the text, to efficiently deal with overlap 
phenomena. 



3.11. Relations to Nelson's model. The analysis developed here for the QED 
model is applicable to Nelson's model with minor modifications. The latter de- 
scribes a non-relativistic, scalar particle which interacts with a field of scalar bosons. 
The Hilbert space is given by 



(3.37) 



H = L 2 (R 3 )®F bos , 
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with 

T bos :=0(i 2 (M 3 ))^" 

n>0 

denoting a Fock space of scalar bosons. Introducing creation- and annihilation 
operators a'(fc), as above (except for the absence of polarization labels), the Hamil- 
tonian of the system is then defined by 

1 2 

H Nelson^) = ~ («V x (g) 1 / + 1 (g) P bos ) + 1 <g> #fc os 

(3.38) +.g / d 3 fcv (T (fe)(e- i ^ a:> « 3 o*(fe) + e^'^" 3 <8> a(fc)) , 

where u CT (fc) := , and where g is a small coupling constant. H bos and P bos 

Jfcl 2 

are the Hamiltonian and momentum operator of the free boson field, defined in the 
same manner as in QED. By translation invariance, it again suffices to consider the 
restriction of H^eisoni ') to a fiber Hilbert space Tt p , labeled by the conserved total 
momentum pgK 3 , 

1 2 

(3.39) H Nelson (p,a) = -(p-Pbos) + H bos + ga* (v a ) + ga(v a ) . 
We then apply a Bogoliubov transformation, 

(3.40) H N elson(p, Cr) l-> H B n{p, (?) ■= U B og,a H Ne l son (p, a) U* Bog a , 

by which 

(3.41) a i (k)^a is (k)-\k\- 1 v a (k) . 

The operator UBog,o is unitary if a > 0, but in the limit a — > 0, the image of 
T under UBog,o lies in a Hilbert space carrying a representation of the canonical 
commutation relations inequivalent to the Fock representation. 

The Bogoliubov-transformed Nelson Hamiltonian at fixed conserved total mo- 
mentum p is given by 

1 2 

(3.42) H BN (p,a) = -(p- P bos -~ ga(w a ) - ga*(w a )) + H bos , 

where w a (k) := v a {k)-ny is a vector- valued function in the boson momentum space. 

A very important issue in the context of the operator-theoretic renormalization 
group method, in which the Nelson model may differ from the QED model, is 
whether it admits soft boson sum rules or not. The answer is affirmative, even 
though Nelson's model has no gauge symmetry. The soft boson sum rules of the 
Bogoliubov transformed Nelson model differ from those presented in Section 16.51 
for the QED model only in the replacement of the photon polarization vector e(K ) 
appearing in the definition f I6.30f) by the radial unit vector -^j-. Correspondingly, all 
steps in the analysis presented here for Hqed{p, <j) apply, with minor modifications, 
to Hbn(j>, c). Consequently, the results of the present work can be extended to 
the infrared mass renormalization for the Nelson model. 
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4. The smooth Feshbach map 

We present key properties of the smooth Feshbach map in this section. This func- 
tional analytical tool was introduced in and generalizes the standard Feshbach 
map based on sharp projectors in 00]. We refer to for a detailed exposition 
and for proofs. 

4.1. Feshbach pairs and smooth Feshbach map. Let TL be a separable Hilbcrt 
space. We introduce a pair of selfadjoint operators < X ^ 1 an d X '■— \/l — X 2 > 
acting on TL, thus obtaining a partition of unity through \ 2 + X 2 — 1- Let P x , P x 
denote the orthoprojectors onto the subspaces Ran(x), Ran(x) C TL, and P^r = 
1 — P x , P x = 1 — P x their respective complements. Clearly, Ran(x) and Ran(x) 
are disjoint if and only if % is a projector. 

Definition 4.1. A pair of closed operators (H,t) acting on TL is called a Feshbach 
pair corresponding to \ if: 

• Dom(P^) = Dom(r) C TL, x an( ^ X map Dom(P^) to itself, and [x, t] = = 

• Let 

Hx ■= t + X^X. 

(4.1) uj := H-t. 

The operators r and H x are bounded invertible on Ran(x). 

• Let 

(4.2) R := H^ 1 , 

and let H x = U\H X \ denote the polar decomposition of H x on Ran%. Then, 

II-^IIb(h) < 00 

(4.3) Pl 5 ^" 1 ^!!^^^ , \\X" x\R\*\\ B{n , Ran{x)) <oo. 
We denote by 

(4.4) mn,x) 

the set of all Feshbach pairs on TL that correspond to \. 
The smooth Feshbach map is defined by 

F x -.mn,x) -> C(H), 

(4.5) (H,t) i-> t + x^X- X^xRx^x , 

We note that on the subspace Ran(P^), F x {H,t) is simply r, and thus commutes 
with XiX- On Ran(P x ), F x (H,t) defines a bounded operator in B(Ran(P x )). We 
also introduce intertwining maps 

Q x :#P(W,x) -> B(Ran(x),W), 

(4.6) (iJ,r) i-> 
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and 

Q»:5?P(W,X) -> B(W,Ran(x)), 
(4.7) (#,r) ^ x-X^X^X- 

We shall next discuss the properties of these operators that are needed in the present 
work. 

The smooth Feshbach map and the intertwining operators possess very powerful 
spectral properties, which we describe in the sequel. Moreover, we present a number 
of crucial algebraic identities which will be of great use later. 



4.2. Feshbach isospectrality. The smooth Feshbach map establishes a non-linear, 
isospectral map between operators on H and Ran(x) according to the following the- 
orem. 

Theorem 4.2. (Feshbach isospectrality theorem) Assume that (H,t) G 3^P(7i,x). 
Then, the following hold. 

• (Isospectrality) H is bounded invertible on Ti if and only if F x (H,t) is 
bounded invertible on Ran(x). If H is invertible, 

(4.8) F x {H,t)- 1 = X H- 1 x + xt- 1 X 
and 

(4.9) H- 1 = Q x (H,t)F x (H,t)- 1 Q\,(H,t)+ X Rx- 

• Let ip G Ti. Then, Hip = if and only if F X (H, r)xV — on Ran(x). 

• (Reconstruction of an eigenvector) Let £ G Ran(x)- Then, F x (H,t)Q = 
if and only if HQ x (H,t)£ = 0. 

The identities formulated in the following lemma will be very important later 
(to relate "effective Hamiltonians" on different scales to one another). 

Lemma 4.3. Let (H,t) G ^^P(H,x)- Then, the following identities hold. 

X F x (H,r) = HQ x (H,t) 

(4.10) F x (H,t) X = Q{(H,r)H, 

and 

(4.11) Q x (H,t)HQ x (H,t)=F x (H,t)-F x (H,t)xt- 1 xF x {H,t) . 
Proof. The proof of ( 14.10(1 is given in £Q . 
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To prove ( 14. 1 1ft - let for brevity u>a = AuiA for A = XiX- Moreover, let F = 
F x (H,t) and Q = Q x (H,t). Then, 

Q#HQ-F + Fxr- 1 X F 

= f(x 2 -xx h x ~ 1 xux-i + xt~ 1 xt + xt~ 1 xu x 

= f( - xxH^x^x + xxj^x^x - xxt~ x ^x r % x x^x) 

= -Fxx(H x -i- T - 1 +T- 1 u) x H x - 1 )xuX = 0. 
Thus we arrive at the assertion of the lemma. □ 

4.3. Derivations. Next, we consider the action of derivations on F x (H,t). Con- 
sider a Hilbert space H with a dense subspace V C H, and let £(D,H) denote the 
space of linear (not necessarily bounded) operators from T> to H. A derivation 6 is 
a linear map Dom(5) — > £(D,H), defined on a subspace Dom(<5) C £(D,H), which 
obeys Leibnitz' rule. That is, for A, B e Dom(<5), Ran(B) C V, and AB G Dom(£), 

S[AB] = S[A]B + AS[B] . 

Let (H,t) S &t$(H,x), and assume that H,r G C{V,H), where V := Dom(i?) = 
Dom(r) and that H,t,x,X an d the composition of operators in the definition of 
F x (H,t) are contained in Dom(<5). 

Theorem 4.4. Assume that 5[ X ] and X are bounded operators which leave T> in- 
variant and commute with t and with each other. Then, under the above conditions, 

S[F x (H,t)} = 5[t}+x^xR5[t]Rx^x + Q^MQ 

+ S[x}HQ + Q^H8[ x } 

- 2 X coxR(t- 1 S[x] - Rxur-Hlx]) t Rx^X ■ 
U [3\x]i x] = = S[t], this reduces to 

(4.12) 6[F x (H,t)]=Q*8[H]Q , 
and furthermore, 

5[Q x (H,t)} = -XRxS[H]Qx(H,t) 

(4.13) S[Q x (H,t)} = -Q x (H,t)S[H]xRx 
holds for the intertwining operators. 



4.4. Compositions. Another key aspect of smooth Feshbach maps and intertwin- 
ing operators concerns their properties under composition. To this end, we con- 
sider a pair of mutually commuting, selfadjoint operators < XUX2 < lj with X j '■= 

(1-Xj)' s - Furthermore, let X1X2 = X2X1 = X.2, such that Ran(x2) C Ran(xi) C H. 
Then, we consider Feshbach pairs 

(H,t 2 ) e mn, X 2) 

(Fi,t 12 ) e #P(Ran0a),X2), 
with Fx := F Xl (H, n), and where 7*1, and t\i commute with X j> Xj- 
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for all operators A onTl that satisfy A\\ = Xi^l = 0. 

4.5. Organizing overlap terms. For the class of Feshbach pairs (H, t) G 3^P(H, x) 
of interest in the present work, one can write H = T +W , where W is a small per- 
turbation of (has a small relative bound with respect to) T. Moreover, [T, x] = = 



But in contrast to the situation considered in PP, we shall here not make the 
choice t = T. Consequently, owing to XX 7^ 0; terms of the form (T — t)xx, 
which have a spectral support of small Lebesgue measure, may possess a large 
operator norm. Hence, it will in general only be possible to study the resummation 
of resolvent expansions with respect to the operator W, but not with respect to 
the operator w = H — t = T — r + W . Consequently, the algebraic structure of 
the smooth Feshbach map in the present work is more complicated than in pp. It 
is also more complicated than in [30], where x = P is a sharp projector, so that 
(T — t)PP = is trivially true (the operator defined in f !4.17[l then simply reduces 
to the identity). 

For future use, it will be convenient to introduce an alternative expression for the 
smooth Feshbach map that makes the separation of uj into large and small terms 
manifest. 



Lemma 4.6. Let (H,t) G ^(H,x), and assume that H = T + W, where [T,x] = 
[T,t] =0. Let 



on Ran(x), where Ran(T x (T, r) — 1) = Ran(xx), and where T x (T,t) commutes 
with t, x, X an d P ■ Phen, 



[T,t], while [W, X ],[W,r]^0. 



(4.16) T' :=T — t and R := (r + xT'x) 

on Ran(x). We introduce the operator 



-1 



T x (T,r) := 1 - xT' X Ro 
(4.17) = + P^tRo 




Proof. Using the second resolvent identity 

R = Rq — 

(4.19) = Ro ~ 



R xW X R 
RxWxRo 
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and 

uj = T' + W , 

we find 

F x (H,r) = t + xT'x + xWx 

- x^xRx^x 

= r + x T 'x ~ xT'xRoXT'x 

+ xWx - xWxRxWx 

- xWxRoxT'x - xT'xRoxWx 
+ xT'xRoxW X RoxT'x 

+ xT'xRoxW X RxW X + xW X RxW X RoxT'x 

- xT'xRoxWxRxWxRoxT'x 

= r + xT'x - xT'xRoxT'x 

+ x (i - x t'xRo)w(i - xT' X Ro)x 

(4.20) - X (l - X T'xRo)WRW(l - xT' X Ro)x ■ 

From the second line in ( I4.17fl follows immediately that T x = 1 if and only if 
t = T. □ 

5. isospectral renormalizaton group: effective hamiltonians 

Our first step in constructing the framework of the isospectral operator-theoretic 
renormalization group is to introduce the spaces on which we will introduce an 
isospectral renormalization transformation. The central objects of interest are ef- 
fective Hamiltonians, which are bounded operators on Tired = ^-[Hf < l]J- C T of 
a generalized Wick ordered normal form. 

In Section we define a Banach space of generalized integral (Wick) kernels, 
which parametrize those effective Hamiltonians. 

As a first step, we consider the spectral subspace 

Hred :=l[H f < 1]^C JT. 
Furthermore, we choose a smooth cutoff function 

(5.1) x.M := sin[|e(aO] 
of [0,1), with 

(5.2) eec °°([o,i);[o,i]) 

and 

(5.3) 9 = 1 on [0, |] . 
Moreover, we let 

Xi[x] ■= y/l -xl[x] ■ 

The selfadjoint cutoff operators Xi[Hf] an d Xi[Hf] are defined in the sense of the 
functional calculus. 



24 



V. BACH, T. CHEN, J. FROHLICH, AND I.M. SIGAL 



We use the notation 

(5.4) V:=(H f ,P f ) 
and let 

x = (Xi, x 2 , x 3 ) e Bi , 

(5.5) X = {X ,X) G [0,1] x Bx , 

denote the corresponding spectral variables, where B\ is the closed unit ball in R 3 . 

We then introduce operators, referred to as effective Hamiltonians, of the par- 
ticular form 

(5.6) H eff = T[V;p] + E X \[H f ] + Xl [H f }W[p} X i[H f } 

which act on Tired- They are parametrized by the conserved total momentum 
p 6 M 3 , and depend on a complex parameter E. The function T[X ; p] can be 
written in the form 

(5.7) T[X;p] =X + T'\X-p] , and T'[X;p] = X \[X ]f[X;p] . 

It satisfies T[0:p] = 0, is of class C 1 in Xo, and of class C 2 in X. The operator 
T[V:p], defined in the context of the functional calculus, is referred to as the non- 
interacting, or free (part of the effective) Hamiltonian. 

The operator W\p] can be written as 

W[p]= Y, W m,n{p], 

M+N>1 

where the operators in the sum are defined as follows. A generalized Wick monomial 
of degree (M,N), for M + N > 0, is an Wick ordered polynomial in M creation 
and N annihilation operators of the form 

W m ,n\p\ = Wm,n[ w m,n] 

(5-8) = PreJ ^^a*(^))^[E;K^); P ]a(^W)P red 

J b m+n 

where P rec i = l[-ff/ < 1], and where we introduce the notation 

K:=(k,X) E Bix{+,-} 
K^:={K l ,...,K M ) , k^:={k x ,...,k M ) 

K (M.N) (tfW jjW) , k iM,N) ( fc (Af) ) jfe(AO) 

| fc (M,A0| := | fc (M) M pv)| f \k^\:=\h\...\k M \ 
k:=(\k\,k)& [0,1] xfli , V [k (m) ] :=k 1 + --- + k m 



a*(KM) := a s (^i)---a tt (X A/ ) 
dK W := J2 d 3 k 1 ---d 3 k M , dKV*M :=dKMdKW . 

Ai,...,Am 

Furthermore, the notation 

(5.9) " k e k (M ^ " 

shall imply k = ki for some i E {1, . . . , M}, or k — kj, for some j E {1, . . . , N}. 
Through f l5.8fl . Wm,n is uniquely determined by the 
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generalized Wick kernel wm,n[X_; K^ M ' N "> ; p] of degree (M,N). 

wm,n is separately totally symmetric with respect to the variables K^ M ^ and K^ N \ 
For the problem at hand, we require that the generalized Wick kernels satisfy 

(5.10) "'.u. .v />'A_ : rk u v :,, = wmMK; # (M|JV) ; R^p] 

for all R G 0(3), where 

:= (X ,RX) 

RK (M,N) ._ (fl^M 

(5.11) i?A' (Ar) := (RK 1 ,...,RK N ) , 
and := (i?fc, A). Likewise, we require that 

(5.12) T[X ,i2X;p]=T[2[jJZ-V] 
for all R G 0(3). Hence, in the special case p = 0, 

wmMXo,RX;RK^ m ^;0] = Wm,n [2Li K^ M ' N ^ ; 0] , 

(5.13) T[X o ,RX;0] = T[X;Q], 

for all i? G 0(3). That is, the effective Hamiltonian ( I5.t)|) is rotation and reflection 
symmetric if p = 0. 

The parameter pgl 3 will in the sequel frequently be omitted from the notation. 

5.1. A Banach space of generalized Wick kernels. We introduce the Banach 
space 



20 



M.N = {w M ,N \\wm,n\\1 < oo} 



of generalized Wick kernels of degree (M, TV), with M + N > 1, endowed with the 
norm 



\w M , N \\i := E \\dx° WM,Nh+ E \\%"m,n\\. 



1<I«I<2 

an=o 



(5.14) + sup \k\ a d w (\k\ a w MtN ) + l w>0 V \d\ p \d^w M ,N 
where 

(5.15) cf := 0? D -0£ , a G Nq , 
and 

lkM,iv|U == sup (2^) M + N \k^\-" 

K<.M,N) e ( Bl x{+,-}) M + N 

(5.16) x sup \w m ,n[X; K (m ' n) ]\ . 

\X\<X„<1 

Remark 5.1. We note that e(fc,A) is homogenous of degree zero with respect to 
\k\, whereby e( • , A) : S 2 — > S* 2 . XTie definition of the norm ( \5.14\/ only involves 
the radial derivative d\u with respect to the photon momentum, but no tangent 
derivatives. Therefore, no regularity beyond measurability of the polarization vectors 
is required. 
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Remark 5.2. We will employ different methods in our analysis for the cases p = 
and p ^ 0. For this reason, the derivative with respect to \p\ does not enter the 
definition of the norm ( \5.14\j if p = 0. 

Remark 5.3. We use the supremum norm in k^ M ' N ' -space instead of a weighted 
L -norm as in PP, because the soft photon sum rules in Section \6.5\ require a point- 
wise property of wm,n with respect to k^ M ' N ' ■ Consequently, the norm of gener- 
alized Wick kernels ( \5.1b)) is stronger than that used in pQ (there also denoted by 
|| • \\ a ), and the spaces Wm,n ar & smaller than the corresponding spaces in p^. 
Apart from this, there is no fundamental difference in comparison to . Indeed, 
the following key theorem, which relates the operator norm on B[H re d] to \\ ■ || ff; 
follows straightforwardly from the corresponding result proven as Theorem 3.1 in 
PP. 

Theorem 5.4. Let a > 0, and M,N G No, such that M + N > 1. Assume that 
w m ,n S %Bm,n, and W m ,n ■= Wm,n[wm,n]- Then, on H re d, 

HWWHop < ll( J ff/^)- M/2 ^M, J v(i//^)- Ar/2 ||op 
(5-17) < u N \\wm,n\\>> > 

M 2 N 2 

where \\ ■ || op denotes the operator norm on B\H re d\- Pq, '■= |f2)(f2| is the or- 
thoprojector onto the span of the vacuum vector in T , and Pq = 1 — Pq is its 
complement. 

For M = N = 0, we consider the natural splitting 

Wo,o[2Q = w 0.o[0] + (wq, [2Q - W O fi[0}) , 

which induces the decomposition 

2XJ ,o - C ffi ^ , 

where 

I* :={r: [J {r}xB r ^C j ||T|||- < oo , T[0;p] = , 

re[0,l) 



with 



T[X ,RX;p] =T\X;R- 1 p] Vi?eO(3)} 

(5.18) ||T|& :=sup{||ifc|<x D< 3/4T||«, -^-||P|x|<x e[3/4,i)?1I S } , 
using 

||T||*:= sup \d Xo T\ + V sup |3|T| 

|X|<X <1 k , = 1 2 |X|<X <1 — 

"o=o 

(5.19) + sup l| p | >0 V \d\ P id^T\ . 

\x\<x <i 

The (explicitly computable) constant 1 < Kq < oo depends only on the smooth 
cutoff function Q, which was introduced in ( 15. 1J) . and is determined by the con- 
dition formulated in f l9.10|) below. The different weights in | • |||- on the spectral 
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subintervals [0, |) and [|, 1) account for the overlap effects discussed in Section E3~5l 
Evidently, (l", || • ||j) is a Banach space, and || • ||", || • |||- are equivalent norms. 

Correspondingly, we introduce the space of sequences of generalized Wick kernels 

(5.20) w>o — ce^eMli . 

where 

(5.21) Wt k := W m ,n. 

M+N>k 

Elements of this space are henceforth denoted by 

(5.22) w = E®T®Wj_ G 2TJ> 
with 

(5.23) W k = (w M ,N)M+N>k G 2IJ>fc . 

Given £ G (0, 1), we define the norm 

(5-24) |N||, ff :=|^| + rt + |K||« !ff , 

where 

(5-25) IKIli CT := £ r^llwlll, 

M+AT>fc 

and note that for A = 0, 1, (2Pl ^, || • ||f, CT ) is a Banach space. 
We will henceforth write 

W\w\ := £ ^M.ivIwM.iv] • 

M+N>1 

According to Theorem 3.3 in p^, the map 

H:^> -» W ed ) 
(5.26) w h- ff[W| :=T[P]+Ex?[if/] + Xi[ff/]WNxi[ff/] 

is an injective embedding of 2B> into the bounded operators on Tired- In particular, 
we have an a-priori bound 

(5-27) ||i?NII<Nl[ CT , 
for w G 2II> , and 

(5-28) ll*M<fcll|L 
for w-l GM>i- 

6. ISOSPECTRAL RENORMALIZATON GROUP: RENORMALIZATION MAP 



We will next construct a variant of the isospectral renormalization map presented 
in pQ that accommodates the specific features of the model considered in this paper. 
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6.1. Definition of the isospectral renormalizaton map. Wc let w depend 
holomorphically on a spectral parameter z £ Di_ :— {£ £ C| |C| < jq}, arid 
consider families of effective Hamiltonians parametrized by w[z]. Accordingly, we 
introduce the Banach space W >0 = C © T © 20>i of analytic functions on the disc 
Di_, taking values in 2U> , and endowed with the norm 

■= sup llwWIlL . 

z£Dj_ 

10 

Furthermore, we denote the Banach space of analytic families D±_ — > iJ[2U> ], 
z^H\w[z}], byH\W> }. 

For p < i, we introduce the renormalization transformation 7Z p . Given w £ 
2B >0 , it is defined by the composition of the following three operations: 

(F) The degrees of freedom in the range of photon field energies in [p, 1] are 
eliminated (decimated) by use of the smooth Feshbach map F Xp [H f ] , applied 
to the Feshbach pair (H\w\,Hf). Here, 

Xp [Hf] := S m[^(Hf/ P )} 

is a smooth characteristic function on [0,p), where has been introduced 
in (Ot. 

(S) A unitary rescaling transformation S p , under which l[Hf < p] i— > l[Hf < 

1], and Xp[Hf] xi[Hf], followed by multiplication by -. 
(E) An analytic transformation E p of the spectral parameter z £ Dj_ in w_[z\. 

6.1.1. The operation (S) . The rescaling transformation S p on T is given by ^[1] = 
il and 

(6.1) S p [a}{K)\ =p-iJ(p- 1 K) 

where p~ x K :— (p~ 1 k,\), and K £ M 3 x {+,—}. (We note that the definition 
of S p includes multiplication by -. Under unitary scaling, a^(K) is mapped to 

p-'ia^p^K)). 

Restricted to if [2H> ] C B[H re d], it induces a rescaling map s p on W >0 by 

(6.2) S p [H\w]} =: H[s p [w}} =: H[(s p [w m ,n})m+n>o} , 
where 

(6.3) s p [w M M[X;K^;p] = p^^wmMp^ P K^ N \p\ , 
admitting the a priori bound 

(6.4) \\s p [w m ,n]\\° < P {1+ ° ){M+N) - l \\wM,Nh 

(note that the conserved momentum p is not rescaled). Thus, from application of 
S p , \\wm,n\\o is contracted by a factor of at least p a for all M, N with M + N > 1. 
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6.1.2. The operation (E). The renormalization of the spectral parameter is deter- 
mined as follows. For a given w £ 2U^ with E[z] :— wq,q[z; 0], we define 



U\w\:={zeDj_\\E[z}\<^} 



and consider the analytic map 



E p :U[w] 



10 

p- l E[z] 



We note that E p is a bijection, where U[w\ is close to the disc of radius p centered at 



0, provided that w is close to a non-interacting theory (defined by w 
below). 



6.1.3. XTie operation (F). For the decimation of degrees of freedom by the smooth 
Feshbach map, one must verify that given w € 5}(e, S, A), and z £ U[w], {H[w\z\\. Hf) 
is a Feshbach pair corresponding to Xp[Hf]- This is done in Proposition 16 . 21 below. 



6.1.4. The renormalization transformation. Composing the rescaling transforma- 
tion S p , the analytic transformation of the spectral parameter E p , and the smooth 
Feshbach map, we now define the renormalization transformation 1Z P . 

We note that by arguments presented in pp, the map H : w > H [w ] injectively 
embeds 2IJ>q into the bounded operators on Tired- The domain of 1Z P , Dom(lZ p ), 
is defined by those elements w 6 W >0 for which 

F x , lHf] (H[w[E; l [C]]],H f )[ 
is well-defined and in the domain of H , where ( £ D i . The map is referred 

10 p 

to as the renormalization map acting on operators. 

Accordingly, we define the renormalization map (acting on generalized Wick 
kernels) 

(6.6) n p := H- 1 o o H 

on Dom(7?.p). We shall prove below that the intersection of the domain and range 
of 1Z P contains a family of polydiscs. 

6.2. Choice of a free comparison theory. An essential part of our analysis is 
based on the comparison of w £ ~Dom(lZ p ) to a family of non-interacting theories 

parametrized by w^' [z] £ Dom(7?.p), which converges to a fixed point of the 
renormalization transformation 1Z P in the limit z, A — > 0. We shall here, as a first 
step, construct this family of free comparison theories, and discuss the structure of 
fixed points of 1Z P that parametrize non-interacting theories. 

As the free comparison kernel, we consider 

(6.7) 2^ p;A) [z]=z® T (p;A) [z; X] 8 Qi . 



(6.5) Rf[H\w\][C} := S p 
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w_o''^[z] is chosen in a manner that on the subspace Ran(Pf L ) C Tired (on which 



Xi[H f ) = 1), the operator T^> [z; V] = H[w^" X} ] equals H f - \p\Pj + XPf + z. 
The latter corresponds to the rescaled non-interacting part of the fiber Hamiltonian 
H(p,a). On the complementary subspace Ran(Pi) C Ti re d, the operator Tq P,A ^ [z; V\ 
is more complicated due to overlap effects from xi[Hf]xi[Hf] ^ 0, as we show 
below. 

For the precise discussion, we first of all observe that 

(6.8) (Hf ~ \p\Pf + Xp-'Pf + z PX \[Hf] , Hf) e mitred, X P [H f }) 

is a Feshbach pair corresponding to xp[Hf]. 
We define ^'^[z] by 



(6.9) 



(p;A)r 



R 



H 



H f -\p\P +\p- 1 P} + zpxl[Hf] 



see f !6.5|) . so that 



H[vtf-- X) [z\] = Hf + X l[Hf](z-\p\Pj + XP]) 

(610) _ (\p\P}-^P 2 f)\l[Hf]xl[H } ] 

Hf + x\[Hf]{z-\p\pj+\Pl) 

We observe that in the limit z, X — > 0, the operator 



Haa(xi [-»/]) 



lim lim H[wq 

z— >0 A^O 



(p;A)r 



Hf-xl[Hf]\ P \P l 



\P}?x\[H f ]x\[H f ] 



Hf-xl[Hf]\p\M 



Ran(xi[H/]) 



defines a fixed point of the renormalization transformation 1Z P . Due to the non- 
linear nature of 1Z P , and xi[Hf]Xi[Hf] ^ 0, it notably differs on the subspace 
Ran(xi[/f/]) fl Ran(xi[i?/]) from the operator Hf — \p\Pj, which is a fixed point 
of the (linear) reseating transformation S p on B{TL T ed)- 



Let P% denote the projection 
(6.11) P% 



2U 



w = (E,T,Wi) 



T 
T 



Then, the function jjj p ' A - ) i n f lfi.7[) is given by 



(6.12) T (p;A) [z;X] 



p%n p 



(pz) © (X - \ P \X« + Xp^X 2 ) © 0i 



Tq P ' A ' ) is used for the definition of polydiscs in the next section. 
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6.3. The domain of 1Z P . We shall next prove that the domain of 1Z P contains a 
polydisc of the form 



(6.13) 



£i>o sup \\T[z; 

TT) 


■}-T^%;.]\\{ 


< 


s, 




sup \E[z] - z\ 

zGD i 
TT) 


< 


e , 




sup |(9|p|-B[z]| 

z£D i 
TT) 


< 






sup |K[*]||ji 

z£D i 
TT) 


< 






for < \p\ < L e, S > 0, and < A < \. As noted above, the function 
defined in ( 16 12|) . is chosen close to a fixed point of the renormalization transfor- 
mation. One can verify along the lines demonstrated in pQ that 

{w^m>o\\\w-m.o' X) k^<^} £ C(e,*,A) 

C (w £ OT> | ||w-^ P;A) || 5 , CT < 26 + 2e} . 

Thus, S(e, <5, A) is comparable to an (e, <5)-ball about w^' X \z]. 
Lemma 6.1. Let < £ < 1, cr > and < p < i. TTien, 

(6.14) DiCWCflj, 

V ' 20 — 1 1 — 20 

for all w£ an d 

(6.15) |pa 2 S[z]-l|<l, 

/or aiZ z £ U\w\- Then, E p : U[w\ — » fli is a bijection, for all w £ ®(^, ^j, 

This Lemma corresponds to Lemma 3.4 in £Q, where we refer for the proof. 

Proposition 6.2. (Domain of the smooth Feshbach map) For any fixed choice of 
< |p| < |, < p < §, a > 0, and < £ < 1, (7? [w[z]], if/) defines a Feshbach 
pair corresponding to \p[Hf], for all w £ £)(;§), \) and all z £ U[w]. 

Proof. Since -ff and Hf define bounded operators on H. re d, it suffices to verify 
the invertibility of T[z;V] + E[z] on Ran(xi[-ff/]). 

Besides < \p\ < ± and < A < §, we have \E[z]\ < Using \P f \ < H fl 
xl[Hf\x\[Hf] < i and H f > f on Ranfe [#/]), we find 

(6.16) > ^, 
respectively, 

(6.17) w nT'fcaia^. 
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Thus, we observe that 

inf \T\z\X] - E\z\ 
|X|<x <i' L — J 



T^ X) \z 



[z;X]\}-\m 



> X (l~\\T[z;X]~T^ X) [z-X}\h) ~ sup \E[z] 
vt) ' zeu\w\ 



(6.18) 

The claim follows. 



> ^R(l p ) p > p 
~ 4 V3 10/ 10 100 



□ 



6.4. Generalized Wick ordering. The next step in the construction of w = 
1Z P [w\ consists of determining the generalized Wick ordered form of the right hand 
side of f !6.5|l . To this end, we let 

(6.19) W[z] := W m,n{™mAA] , 

M+N>1 

and we observe that by Proposition 16 . 21 and Theorem l5.4l 

-i 100 



\x P [Hf}\T[z;V}+E[z}\ 



Ran(x P [ff/]) 



X P [Hf]\\op < — 



< 



P 

10 



(6.20) W[z]\\ op 

for w € 2)(^, ^j, \)- We introduce the notation 

(6.21) T p [z;V] := T Xp[Hf] (T[z; V] + E[z]£[H f ] , H f ) , 
see ( I4.17|l , and write 

(6.22) RoM*]] ■■= [Hf + (xlx\)[H f ](f[z:'B+E[z])[ 1 
for the free resolvent on Ran(x p ), with 

(6.23) T[z;V] = H f + xl[H f }f[z;V] . 
Then, Lemma 14.61 implies that 

F Xp[Hf] (H\w[z]],H f ) = E[z}x 2 p [H f }+H f +f[z;V}T p [z-V]x 2 p [H f } 

OO 

L-l 



(6.24) x [(f p xi)[Hf}R a [w[z}}W[w[z}} 

which is norm converg ent due to (E20J. 
Next, we introduce the operators 



r p [z;V] Xp [H f ] , 



w™< n [w\X:,K {m+p > n+q) ] ■= p, 



red 



-a(Q {p) ) 



/sf+« \Qp>*\* 

(6.25) x U ; m+p ,„ +(? [£ + X;gW,X( m );gW^(n)] a( Q( 9 ) ) p red . 

The (generalized) Wick ordering of the resolvent expansion ( I6.24J1 is governed by 
the following theorem. 
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Theorem 6.3. Let w_ = (wm,n)m+n>i G 22>r Writing Wm,n ■= Wm,n[wm,n], 
W = ~}2m+n>i Wm,n> an d Fq) ■ ■ ■ >Fl € 2#o, o, Zei 5m denote the M-th symmetric 
group. Then, 

F WF{W ■ ■ ■ WF L ^WF L = H[w] , 

where w G (w^/ff) m+n>o € 22> is determined by the symmetrization with respect 
to KM andK^ N \ 



Wm V N ) [2L-,K {A ' UN) } = E *M,Jv[^;i^7r(l), ■ ■ -,K^MY,K^x), . . .,Kn( N )} , 



MIN 



of 



w m ,n\X-K {M ' N) ] 



E E 

>1 H \-m L =M Pl>9l>-">Pii«£ 

»lH h"i=» m,+p ( + n ( + !( >l 



[n( 

^=1 



"if + pe \ ( n e 



F [X + X }F L [X + X L ] 



x ( n, W\X + & i K[ mi ' ni) ]Fi[E + X+^-,K£ na,na) ] 
• • • Al-! [P + X + X L -iW[X + X L ; K ( ™ l,nL) ] n 



ura'i/l f/ie definitions 



(6.26) 



and 

1, - E[^V---+E^ , ]+E& ) ] + ---+E^ 1) ]- 

Applying the rescaling transformation, and transforming the spectral parameter, 
we obtain 

miQ] = K^[H[w][E^[t]]] 
(6-27) = S p {F Xp [H } ]{H\w][E- l \(;]lH f )) , 



(see ( I6.5|) K S)[£] is characterized in the following theorem. 
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Theorem 6.4. Let ( £ Dj__, and z := E~ £ U[w\. determines w 



p 

(M^MN )m+N>o as the symmetrization with respect to K^ M ^ and of 

oo 



L=l 

L 



e e [n( 

t 1 + ---+m i =M PI. 91 PL-9L- I— I 

n±-\ n L =N rn£+p£+n£+q£>l 



Pi A qi 



x (n, Tpiz-v + pix + x^miz^ix + x^pK^ 1 '^} 

(6.28) (X 2 P X\R^V + P{K + X x )]W 2 [z; p(X + X 2 )-pK^ ] ] 
(x 2 P xlRo){z;Z + p(X + X 2 )} 

(x 2 P x 2 i R o)[z;V + P (x + x L _,)} 

W L [z;p(X + X L );pK { L mL - nL) }T p [z;V + p(X + X L )]n 
in the case of M + N > 1, and 

wa,o = K P [-E[-}®Wa,o®Qi\ 

OO 

+ p-^h)" E - E ni*->x\ 

L=2 Pi+?i>l PL+q L >l 

' fi , W puqi [w[z]\pX] (x 2 p xlRo)[z;V + P X]W P2 , q2 ]w[z]\pX] 

(6.29) • • • (x 2 xlRo)[z; V + P X]W PL , qL [w[z] \ P X] il 

It remains to verify that w is again an element of W>o- We will in fact establish a 
much stronger result, and prove that 1Z P is contractive on a codimension-2 subspace 
of 2B>o- O nc °f the key tools in this analysis are soft photon sum rules, which we 
address next. 



6.5. Soft photon sum rules. It is an important and deep property of the model 
analyzed in this work that the generalized Wick kernels wm,n generated by repeated 
applications of the renormalization map are, for different values of M , N, all mu- 
tually linked. We shall here prove the existence of a hierarchy of non-perturbative 
identities, which we refer to as the soft photon sum rules, that interrelate all u>m,n 
in the small photon momentum regime. 

The key point is that the soft photon sum rules are preserved by the renormal- 
ization map. The soft photon sum rules are in the present analysis used to prove 
that for the value p = of the conserved total momentum, all interaction operators 
of the effective Hamiltonians are irrelevant even if the infrared regularization is 
removed, that is, when a — > 0. 

Definition 6.5. Let g denote the electron charge, cf. ( Given n £ K 3 , 
\n\ = 1, let e(n, A) denote the photon polarization vector orthonormal to n labeled 
by the polarization index X. Let p, £ R + . 

The sequence of generalized Wick kernels w G 22>o * s sa ^ ^° satisfy the 
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soft photon sum rules SR[/^] 

if the identity 

gt i(e(n,X),d x ) m3 w M MX;K( M ^] 

= (M + 1) lim x-°w M+hN [2L; K { - M+1 ^ 

(6.30) = (N + 1) Urn x- a w M , N +i \X; K<- M ' N+1 ^ 



K M +l = (xn,\) 



Kn + i = {xtl,\) 



is satisfied for all M, N > 0. and every choice of the unit vector n (we recall that 
X is the spectral variable corresponding to the photon momentum operator Pf ). 



Applying ( I6.30fl inductively, beginning with M, N = 0, in the order indicated 



by 



(6.31) 



Win 



Wo.l 











/ 






/ 


w 3 ,o 


\ 












/ 




\ 




/ 








W2,l 




\ 




/ 




\ 












/ 




\ 




/ 


\ 




/ 


Wl,2 


\ 




^0,2 












\ 




/ 








WQ,3 





all generalized Wick kernels are recursively linked to one another in the vicinity of 
the origin in photon momentum space. 

As remarked in Section these identities are due to U(l) gauge invariance in 
the special case of non-relativistic quantum electrodynamics. But since in general, 
the existence of soft boson sum rules is independent from gauge invariance, such 
as the Gross transformed, translation-invariant 1-particle Nelson model described 
in Section 13.111 shows, we shall here prefer the notion of soft photon sum rules 
instead of Ward-Takahashi identities (which would be equally appropriate in non- 
relativistic quantum electrodynamics). 

It is interesting to ask whether one can avoid the use of soft photon sum rules, 
and achieve this result by a more insightful use of 0(3)-invariance in the case 
p = 0. It may appear surprising that rotational and reflection symmetry alone do 
in fact not suffice to prove irrelevance of the interaction, even if p — 0. There exist 
simple rotationally invariant models for which the interaction operators of the bare 
Hamiltonian (corresponding to the fiber Hamiltonian H(p = 0, a) in our case) scale 
naively like irrelevant operators, but which are in fact marginal. This is an artifact 
of the non-linear nature of the renormalization map. 1Z P can generate marginal 
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operators from irrelevant operators, unless this is suppressed by symmetries of the 
model beyond rotation and reflection invariance. 

6.6. Codimension two contractivity of TZ P on a polydisc. A quintessential 
property of the renormalization map 1Z P is that it is contractive on a codimension 2 
subspace of a polydisc of the form ( 16. 131) (after projecting out the relevant direction 
corresponding to E in w = (E, T,w_i), cf. our introductory remarks in Section [3. 4fl . 

Let 

25^(e, S, A) := |w e D(e, 8, A) w satisfies the soft photon sum rules SR[/Lt]| 

denote the subset of the polydisc 25(e, 8, A) of generalized Wick kernels in the Banach 
space (OT >0 , || ■ ||o-,{), for given £, which satisfy the soft photon sum rules. The 
definitions were given in ( 16. 13(1 and f l6.30fl . We shall prove that 1Z P is a contraction 
on a codimension 2 subspace of D^(e, 8, A). 

Theorem 6.6. The renormalization map 1Z P is codimension- 2 contractive on the 
polydisc SW(e,iS,A) in the following sense. 

• A. The case < \p\ < For a > 0, there exist constants p = p{cr), £, 
60(0"), such that for all < e < eo(cr) and < 8 < £o(c); 

(6.32) Tl p : J)W(e,M) ^ + e,pA) . 

• _S. T/ie case |p| = 0: For a > 7 iftere are constants p, £, 6q, all independent 
of a, and a constant c independent of p, €q and a such that for arbitrary 
< e < e and < 5 < Eq, 

(6.33) ft p : (e, 5, A) -► £ (p>) (e 4 pe, 5 + e, pA) , 

where the constant a is defined in ( MO.lty) below. The renormalization 
map is therefore contractive on a codimension 2 subspace o/S(e, 8, X), even 
without infrared regularization. 

7. Proof of Theorem 16.61 Generalized Wick ordering 

We introduce the following notation. For fixed L 6 N, let 

(7.1) m,p,n,q := (mi,pi,ni,qi, . . . ,m L ,p L ,n L ,q L ) G Nq L 
and 

(7.2) M:=mH \-m L , N := m H Vn L . 

We let 

V (L) \w\X:K^ M ' N ^ 

v m,p,n, q |_— | — ' J 

L 

(7.3) := (n.^o^nji^^pix+^p^'^iajn 

1=1 

where 

(7.4) FoH :=T p [z;E + p(A: + l )] , F L [X] := T p [z:V + p(X + X L )} 
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(see (E23J) and 

(x 2 P xl)[Hf+p(X + X e!0 )] 



Fi[X] ■= 



H f + p(X + Xt,o) + (x 2 P xi)[Hf + p(X + X l0 )} {T[z; V + p(X + X t )] + E[z]) 
(7.5) 



ioxl = 1, . ..,L-1, with T[z;X]= X +Xi [X ]T'[z; X]. We note that the definition 
of the operators in pQ contains a misprint. 

Then, 

OO 

(7.6) w M , N [C;X;K( M ^] = ^-tf-ipV+N-i 



L = l »l+-'+"L=M 

L 

/ mi +pe \ / nt 

qe 



e [n( X pe )( ni T )¥§^\^ UN) \ 

nt-i+Pi + rz^ + q^ >1 

where the scaling factors p M +N-i were explained in connection with f ltj.3fl . 

Lemma 7 

particular, 



Lemma 7.1. For L>1 fixed, and m,p,n,q € Nq L , one /ias V^p,^ € 2U^j ^y. In 



/ 7 7 \ ^-o/-r i 1 \r<L+l Jl+a)(M+N)-L TT II Milt 

z=i Pz 9; 



for X_ = (Xq,X) and any k € k^ M,N \ Furthermore, 

' II 

>,n,q II CT 



(7.8) < 10(1 + l)2 C i+2 /9 (l+ CT )(M+JV)-L -Q l|Wm '+^ 2 "'+J' 2 [z]l1 " , 

i=l Pi 9/ 

for < |o| < 2, a = 0. For |p| > ; and \a\ < 1, 

JW+jV-l||a oa T/ (L) II 
P \\ u \p\ u X_ v m,p,n,q\\<? 

(7.9) < 10(L + l)2 C .i+2 p (l+ ff )(M+iV)-L -Q ll W ^+^+^MII^ 

ConsegMeni/i/, 

M+iV-lMyCi) lid 
r II ' m,p,n,g II cr 



(7.10) < 10(L + l)2 C i+2 /9 (l+ CT )(M+iV)-L JJ 



W mi J rpi ,m+qi [ z ]\\a 



W2 o,/2 
i=l Pi 9/ 

using the convention p p — 1 /orp = 0. 27ie constant C'@ only depends on the choice 
of the smooth cutoff function \p ■ 
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7.1. Proof of Lemma 17.11 There exists a constant 1 < Ce < oo that only 
depends on the choice of the smooth cutoff function 9, such that 

(7.11)\\d Xo F e \X]\\o P + £ mF e \X]\\o P + £ \\d lp \&kFe\X]\\o P < ^ , 

0<l»l<2 |a|<l P 

a =0 

uniformly in z 6 D j_ , where 

cf. f I7.4|l and ( 17.50 . Here and in the sequel, || • || op denotes the operator norm on 

Hred = l[Hf< 

Let us to begin with consider ( 17. 8|) , for the case a = 0, where we have 

L 

\vL L in, q [m\^ K(M ' N) \\ < nn^™^ 

e=o 

L 



(7.13) ^l[\\W e [z-p(X + X e );pK { e 



1=1 

< ^+V- L+i ni!^[^;pa + ^);^ ( " wlf) ]l| oP . 

|| • \\ op denotes the operator norm on B\H re d\- 

Next, we discuss the various terms corresponding to 1 < |a| < 2. 

7.1.1. The case |a| = 1. We have 

d^Vj L U q [w | X- K^] = VWjw | X; K^} + V^Jw \ X; K^] , 
where 

\w\X:K( m > n )} 

v m,p,n,qim. \ J1 J 



j=0 1=1 

L 

(7.14) x J] We^piX+^pK^^FeiX] 



L 

<> 

/ - 1 - i 

and 



v m,p,n.q Lit- | J1 J 

L j-l 

3=1 £=1 



(7.15) x [ [] ^[a^[^p(^ + ^);p^ (mf, " 4) ]]^[^]" 
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It follows that 



\Vi L Jl q \w\X;,K^]\ 



(7.16) 



3=0 
L 



op 



t = 



x Y[\\Wt\p(x + 2U);pK, 



lop 



< 



m e ,ne)-. 



and 



\v^ q \w\X:,K 



(M,JV)j 
L 



< [U\mm oP ]{Y,\\^Azip(x+x j ); P K^^% 

£=0 j=l 

x flm^piX + X^pK^^}]^} 



1=1 



1^ 

< LC^ +1 p- L+2 { ]T Wv^T [%»[*] \pQL + Xj);pK 



3 = 1 



r{m jt nj) 



(7.17) x ]J\\W e [z:p(X + X^);pK { £ m ^% p } 



e=i 



7.1.2. The case \a\ = 2 and ao = 0. Due to ao — 0, no derivatives with respect to 
X (the spectral variable corresponding to the operator Hf) appear here. We have 



^xvL L L,M\^ K{M ' N) \ - v^fjx-K^ 



(7.18) 



+ 
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where 

vi L jZHx-,K {M > N) ] -EE 

a 1 +a 2 =aj 2 >j 1 =Q 

.J'l-l 



'SI, [ J] F t -i\X\Wt[z;p{X + 2U)\pK' t 
1=1 

x%_ 1 ^;p(X + ^);p4 ro _«- 1 '^- l) ](^t^[^]) 

L 

(7.19) x [ [] w / 4^p(^ + ^);^ m "" f) ]^S 



and 



<=J2 + 1 

^!>|2C;g ( ^] := E E 

Oi+a 2 =« J2>ji=0 

■71 

n 

«=ji+i 



<=ji+i 

L 

(7.20) x [ H F t -imWi[z;p(X + 2U)lpKl mt,nt) ]]FLmn 

e=j 2 +i 

Vm,p)i,q is defined similarly as Vm,p^n, q , but applies to the case j 2 < ji- 

v&lM&x™] ■= E E 

o x +a 2 =a J2>ji=0 

ii-i 

(o, F [X][ J] ^;pQC + 2Q);pi^'" f) ]W] 

x W^piX+^pK^^}) 

*F h \x][ II ^^;p(^ + ^);p^ (mf '" f) ]^a 

x p(cf# j2 [z; p(X + Xt); pK^ i " n " ) \) 

L 

(7.21) x[ H F e [X]W e [z:p(X + 2^);pK^ n ^F L [2Qn) . 



e=j2+i 
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V^%%\w\X-,K^} ■= E( fi ' [\{F l . 1 [X]m[z;p(X + X f ) ] pK l 

j=0 e=i 
L 



and 



vJtiZl kn 1 2C; ^ (M,JV) ] := E ( Q > f "ffl 
£=1 



(7.22) x [ H F^mW^piX+^pK^'^FLmn) . 



e=j+i 

Wc then conclude that 



\vj L ^ q [w\^ K{M ' N) \\ < E E ll^^llopll^^n- 

o 1 +a 2 =o j 2 >ji=0 

(7.23) x [] \\F&\o P U\\^P(2L + 2Ley,pKt e ' ne) 



i=o e=i 



< L(L + 1)C^ +1 P - L+1 J] \\Wt[z; p(X + X,); pK i 



L 

Op ! 



and 



\V^\w\X-,K^}\, \Vi L p % q [X;K^}\ < £ p^ £ 



L L 

(7-24) x [ [] ||F,LY]|| op ] J] ||Wi[p(2£ + 2£*);^ 



'(™<,n()l|| 

J II op 



1=0 1 = 



< LiL + ^C^p-^HWWe^piX + ^pKl JI|op 



'(m(,i>()i 
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Similarly, 

\vL l p %[w\X:,k^ N) ]\ < cl+V^ 3 E 



a, -\-a 9 —a 



{ E 

J2>jl=l 



(m 31 ,n 31 ) 



op 



(7.25) 



fl ll^[^;p(^ + ^);p^ (m "" f) ]||o P }, 



(7.26) 



and 



(7.27) 



« = 



(m^,n^)-i 



< 



(i + i)C| +1 p- i+i nil^^Cx: + 2[/);^i 



(m^,n^)-i 



op 



£=1 



\Vj^\w\X;K^}\ < p 2 f[\\F e \X]\\o P 

3 = 1 

x nil^[^p(x + ^);p^ m3 '" 3) ]||o P } 



op 



1=1 



< LC^ +1 p- L+3 



{ E ii<:r 3) + W P^; 



L 



I op 



\{\\W t [z-,p{X + X^)-pK^ ne) ]\\o P }. 



7.1.3. Radial C 1 -bound ink. The discussion of the derivative l^l"^^ (|fc| ^V^^n,?) 
is analogous to the case for with \a\ = 1 treated above, and will here not be 
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reiterated. One finds 

\\WO\k\(\k\-*V&% iq \w\&K&M])\ 



< (L + l)C^ +1 p- L + 1 l[\\W e [z;p(X+2^);pK l 



J II op 
= 1 



LC^p 

L 

■ 

J'=l 
L 



L+l -L+2 



X + X,-K (mi ' ns) 



1=1 



J'=l 

L 

(7.28) x ni!^^^ + ^);^ (m "" f) ]H°p} - 

for any k G fc^'^. 



7.1.4. Bounds involving derivatives in \p\ for \p\ > 0. The asserted estimate for 
|p| > on |0ip|Vm^p,n,g| is obtained precisely in the same way as in the case \a\ = 1, 
or ( I7.28|l . However, one does not obtain a factor p from differentiating We, because 
d\ p \ is invariant under rescaling of photon momenta. 

The bound on |5| p |5§-Vm^p,n,g| is derived in a manner very similar to the case 
discussed under for ao = and \a\ — 2. We shall not reiterate the calculations 
explicitly, but only again note that there is no factor p involved in the derivative of 
We with respect to \p\, in contrast to derivatives with respect to X . 

7.1.5. Completing the proof. Collecting the above estimates, 
snp\Vj^l q \w\X-K^]\ + ■■■ + sn P \Vj L f^[w\X;K^}\ 

X X 

+ sup prd| fc | {\k\-°Vj% tq \w | X; K^}) | 

+ su P i |p|>0 \%p\djv£L q \m\& K{M,N) ]\ 

- Ial<i 

is bounded by 

(L + l) 2 C^ +2 p- L+1 f[{ sup p\\d Xo W e [z;pX; P Kt e ' ne) ]\\o P 

e=1 k |X|<X <1 

(7.29) + J2 SU P P 1 - 1 \\dtWe[z: P 2£:,pK ( e me ' ne) }\\ op 

0<|a|<2 \X\<X <1 
a =0 

+ sup sup p\\\krd lkl (\krWe[z;pX; P K^' ne % op 

fc G fe(Af,JV) |X|<X <1 



+ SU P l|p|>0 P 1 - 1 \\d M d^W e [z;pX;pK 



J II op | 
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Thus, 



sup |fc<".")|- sup \Vi L U 

Ki M > N ) |X|<X <1 



1j 

< (L + \) 2 C^ +2 p- L+1 JJ { sup [2^) m * +nt \k 
x sup p \\d Xo Wi[z; pX; pK t 

L Y 



(m e ,n t ) I 



^ j Hop 

£ sup p^mW e lz;pX;pK { e m ^]\\ op 

0<|a|<2 |^|<X <1 
a„=0 

sup sup pm^^ki-'Wii^pjCipKjr^u 



(7.30) + sup 1 H>0 Vpl^ll^i^^^pKi^^llJ}. 



| | < < 1 |„|<! 



Using the coordinate change fc( m *>™<) — > p i^(m t ,ni) f rom re scaling, this is bounded 

by 

L 

(L + l)2^+2 p <r(M+iV)-L+l JJ j gup p^jm^n^^.n,),^ 



sup p||9 Xo ^[ Z ;X;^"^]||2 

|X|<X <1 



^ sup plal ||fi|.Wi[«;2C;«;^ ,fw) l» 2 



0<|a|<2 
a n =0 



kek (M,N) \X\<X <1 



\X\<X <1 

'|fc|(|/s| kk^[z;vv;/v^ -jjnop 



+ sup sup p|||fcra| fc |(|fcr ff V^[z;X;^^ 



+ sup l w>0 ^ ^' ll^l^Wi^^^'^lllJ} • 

I*I<*0<1 |a|<l ~ JJ 

Using Theorem 15 .41 we find 

( 27r i) m «+«< SU p \k {m ^ li) \- a sn^\\Wi[z-Xj,K {m ^ li) ]\\ op 

< -w^Tyl sup + + + Ifc^'^r' 

x ( 27r * sup \w mi+pe<ne+qe [z ] X ] K^ + ^ + ^\\ 

X 

(7-31) < q t /2 \\ W me+pt,n e +qe [ Z ]\\<J ■ 

Pi 1e 

Consequently, 

JM+N)-lny(L) |,tt 
r II v m,p,n,g 1 1 cr 

\2^L+2 TT H^m^+p^n^+qj [#] ||£ 



< 10p (l+a)(M+JV)-L (L + ^2^+2^ 



Pt/2 q e /2 

=1 Pi 1i 
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This proves Lemma 17. II 



8. Proof of Theorem 16.61 Soft photon sum rules 



We will next prove that the renormalization map 1Z P preserves the soft photon 
sum rules. More precisely, we shall demonstrate that the soft photon sum rules 
SR[/i] are transformed according to 



Let us first formulate some remarks regarding how the soft photon sum rules 
have influenced on our construction of the isospectral renormalization group. We 
recall from ( I6.30[l that SR[/i] involves a derivative in Pf, and a limit \k\ — > 0, 
where k is a photon momentum. In order to accommodate the latter, we did not 
use photon momentum space integral norms for the definition of the Banach space 
2B >0 in Section in contrast to pp. 

As one will see from the proof, the issue is to verify essentially a purely algebraic 
property of the renormalization map. However, we emphasize that this is so only 
because no derivatives of the cutoff operators Xp[Hf], x P [Hf] enter, since they do 
not depend on Pf. For this reason, we have used Hf, and not a combination of Hf 
and Pf as the reference operator to slice the Fock space. 

Moreover, the soft photon sum rules have also influenced our choice of r (see 
Definition 14. lfl in the application of the smooth Feshbach map (as an ingredient of 
IZp). We are using t = Hf, which is also independent of Pf. The issue here is that 
t = Hf appears without a factor {x P Xi) 2 [H f] in the free resolvent 



(cf. ( E22J, and we recall that f is defined by T = H f + xff) in ( below 
(where X_ = (X n ,X) is the spectral variable acounting for V = (Hf,Pf)). This 
is in contrast to the P/-dependent operators (that is, X-dependent terms below). 
The renormalization map is here so defined that differentiating the resolvents in 
f lS.fiJI with respect to P/ (that is, X) produces a factor (xpXi) 2 , which is necessary 
for TZp to preserve the algebraic structure of the soft photon sum rules SR[/i] . 

For brevity, let 



cf. f l4~T7|> and ( KTty . Recalling the definition of W™j n [X; z; K (m ^\ from (E23, 
the soft photon sum rules SR[/i] state that for some /i € M + , and every unit vector 
n G M 3 , |n| = 1, 




SR[/i] SR[/xp CT ] 



(8.2) 



M^H} = H f + ( X 2 p xl){Hf)(f[z;V]+E[z]) 



(8.3) 




g»{e(n, A), d x ) R sW^ [X; z; 



= (n r + q r + 1) lim x~ a W 



\X;z;K< 




K nr + i — [xn,X) 



(m r +p r + 1) lim x a Wl 



rm r -\-l,n 



r [X;z:K (mr+1 ' rl ^} 
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Assuming SR[/i] , one easily checks that 

gfj,(e(n,X),d x )m.zRo [z\P)X] 

(8.4) = -Ro[z;p;X}(x 2 p x 2 1 )[X }[g^(e(n,X),d x ) R3 f [X;z})r [z;p;X} 

= - km x-°R [z;p; X] (x 2 p xi)[Xo]W^ [X; z; xn, A] (fixl) [Xo]Ro [z\m X] 

and 

gfi(e(n, X), d x )R3T[z; X] 

(8.5) = - Umx- CT T^;X]<; 1 [X;2;xn I A](4x?)[^o] J Ro[^;p;X]x[^o] • 

In both and (EHJ), W 'o can be exchanged with W ' without any effect. 



We next consider g(e(K), 9x)]R 3 ^M,iV> which is given by the symmetrization in 
#W and^W of 



9W 



M+N- 



5 iY,|n| M,|rn| 



L>1 



>< n 



- ft 



ft 



9j 



(e(if ), 5x)rs (XpXi^o)I^ 1 [21; £ + p(2C + lr)] 



r=l 
L 



r=l 



£ ( , ■■■ (e(K), d x ) R3 W^[p(X + X r )-E- l [z] ]P Ki m ^] 



(8.6) 



(e(A-), 9x)r3T[£J~ 1 [£];P + p(X + jQ,)] • 



(e (if) , 9x > R 3 T [ £T 1 [2] ; £ + p( X + 1 L )] 



Substituting ( I8.4|l and ( 18.50 . the first expectation in [. . .] can be written as 



(8.7) 



lini p{px) a ( m r + Pr + 1) 



x V 



m+e r ,p,n,q 



P X;pK 



(M+1,N) 



K M + l = (Rn,\) 



or 



lim p(px) 17 ^ (n r + 1) 

r=l 



K N + l = {Rn,X) 



wkere e r := (0, . . . , 0, 1, 0, . . . , 0) is tke L-dimensional unit vector witk 1 at the r-th 
entry. Let us next discuss the expectations in [ . . . ] which involve derivatives of 
Ro and T. Substituting ( 18.4)1 and ( 18.5)1 . the number of interaction operators is 
increased from L to L + 1 in every case. Relabelling all operators according to their 
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product order from 1 to L + 1, the terms on the three last lines in ( 18. 6J) can be 
combined into 

(8.9) lim pipxy^Vi 1 ;^ ImiE- 1 ^] pX;pK( M+1 ^' 



q r =p r = n r = Q 



or 



L+l 



(M,N+1) 



q r =p r = m r = 
.(1,0). 



(8.10) lim p(px)- £ Vff+^) q [wlE; 1 [z\] P X- P K 

r=l K>*'"'=(iln,A) 

The terms corresponding to r = 1 and r = L + 1 are obtained from derivatives of 
T. Since this expectation value contains L + l interaction operators, we rearrange 
the sum over L accordingly. 

In the special case M + N = 1, there notably is an additional contribution 
9H(e(n, A), <9x)r3 (TT)[z; pX] 

(8.11) = - \imp(pxr-T[z;p;2QW^[pX,z;xn,X}T[z-p;X} 7 

x—>0 

where q 1 can be exchanged with W Q ' Q without any effect. 

Thus, after rearranging the terms in the sum over L, and using 

n r + q r + 1 



.12) (n r 



1 



(n r + 1) 



we obtain 



L>1 



^j+Tij+Pj+gj>l 
D<i<£ 

ir+»r+Pr+!r>0 



E 



Qr 



(8.13) 



x VI 



(L) 



ij + Pj 



1j 

[n 

3=1 



ij + q-j 
1] 



I K N + l = (xn,X) 



or the corresponding expression from interchanging (n ri q r ,N) and (m r ,p r , M). 
Relabelling the index n r — > n r + 1, we have 5jv,v nj * ^w+i.V n 4 ) an d thus indeed 
find 

A), d x ) R 3W MtN [z;V; K (M ' N ^} 

= (N + l)limx^w M . N+1 [V;z;K( M \K( N +V] . 

z^O A"jv + i = (a:n,A) 

or likewise the corresponding expression obtained from interchanging N and M. 

In particular, we observe that the parameter p is rescaled by a factor p a so that 
(8.14) SR[/i] -> SR[ W CT ] 

under the action of 7?.^, as claimed. 

Moreover, we observe that in the limit a — ► 0, p becomes invariant under 7?. p , 
and has the constant value p = 1 (the value 1 is connected to the normalization 
condition f I1.15|) ). 



48 



V. BACH, T. CHEN, J. FROHLICH, AND I.M. SIGAL 



9. Proof of Theorem 16.61 Codimension two contractivity for p^O 

Let us first address the case of non-vanishing conserved total momentum < 
|p| < 5. Our aim is to prove that the renormalization transformation diminishes 
the interaction essentially by a factor p a . 

Using Theorem EH Lemma O and ( m p P ) < 2 m+p , we find 

00 C L 

\\wuACW\l < £ 10 ^ + i) 2 (^) (2 P ^) M+N 

L=l 

X 



9 

E E 

>lH hm,=M, Pl.9l.--.Pi.*!,: 

i 1 + -- + n L = N rn e +p e + n t + q t >l 

L 2 \Vt / 2 \1e , 



(9.1) x j[U y e ( y e \\ Wme+p ^ ne+qt [ Z }\\ix 

The sum over m,p, n, q yields 



M+N>1 L=l " 

x E E f[r* +n < 

miH hmj=M, P1.91.--.PI,.9I, : ^=1 

o 1 + ---+n z ,=N rai+P(+»(+<!(>l 

xn{(^)''(^)*v-~'ii-. + „« + «wR} 

00 

(9.2) < 20C| ) p 1+c7 ^(L+l) 



L=l 



{ X (E6) P )(g(^)>— i-^wil}' 



M+7V>1 p=0 v ^ q 
00 

< 20C|p 1 +^(L + l) 2 (^)^(|K[z]||^) 



L=l 



with 

assuming that £ < i. Furthermore, 

(9-4) B := p(1 Ce 2e)2 ll^ill^ < ^Ikill?,. • 
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Hence, 



^(L+l) 2 ^ 

(9.5) 

We consequently find 



d 2 d \ r 

i 



L=0 



- 1 - 



D 



(1 - B) 2 (1 - Bf 



< 12B 



miQWU < 240C 2 eP 1+ °B 



(9.6) 



= 960C^|K||» )CT < - 



by choosing p = (2c 2 y 1/a with c 2 := 960C|. 
We next discuss the case M + N = 0, where 

woAC;2L] = H[n t> [E[z]®T®o 1 ]] 

(9.7) 



L = 2 Pli«li...iJ>t.«x,: 



with 
(9.8) 

and 



_ . Pl/2 Ql/2 
t=\ Pi Hi 



Tip E[z] ® T © 

= © (X + (p-^ofopX] - X )T,[z;pX]x?[X ]) ©& 
Writing P %1 := -%[|.x-|<;r ], we have 

pJn p [E[z] © T© Oil - T (p;pAr 



(9.9) 



< 



sup { P£ (p.T^ p [i;[z] © T © 0J - T (p;pA) 

^||P X1 (p^ p [£[z] © T © X ] - T^ PX) ) f} 
sup {<* , ^||p Xi (P S ^[P[z] © T © 0J - T (p;pA) ) I*} 



(the projection P% : 2U>o — > % is defined in ( Ifi.lljl ). A straightforward calculation 
shows that 



P Xi[\X\<X, 

(9.10) 



o] (p % U p [E[z]®T®Q 1 }-T^ pX) ) 



< ^"e||-P|X|<X <3/4 



(T-T l 
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for a constant 1 < Kq < oo, which only depends on Cq and numerical factors 
independent of e, S, A. Hence, choosing Kq := Kq in ( 15.18(1 . we find 

||f -Tq^Hi < \\BzR, p [E[z]®T®0 1 ]-Tg r ' t ' x) \\ % 

+ - J2 E \™p\9xoV&] , q m\ 

" L>2 pi-<iit- ,pli<il- — 

|o|=l — i<lal<2 — 

an=0 



• P ■ 

L=2 r P+9>1 



< 5 +io^5>+i) 2 (^) ( x: ik,[* 



< 5 + ioc^(l + i) 2 (^) (e 2 r M K. ff Mlli 



< 5 + 10C|^(i + l) ; 



P 

< 5 + i20C e (^|k 1 ||t) 2 



L / \ L 



■lit. 



L=2 



< S + 120^-e 2 
P 

(9.11) < S + e, 



with 



e < eo < P 2 
£ := where c\ := 



120C| 



(9.12) p = (2c 2 )- 1/<T where c 2 = 960C| , 

as our choice of constants. 

Finally, let E[(] := w ,o[C;Q]- With E[z] = w o ,o[z;0] and C = E p [z] = l p E[z], we 
derive from ( I9.7|l that 

oo 

(9-13) E[(]=C + p- 1 J2 E Co,JQ] ■ 

L=2 Pi.M «£ : 

We can again use the bounds ( 19. 8f) and ( I9.11|) , whereby 

\d? p{ (E[C]-0\ < 120^(^11^,^118) 2 

(9.14) < 120 ^-e 2 < e, 

P 1 

for a = 0,1 and ( Eg)) . Thus, 

(9.15) ^ p : (e, (5, A) -> (?, ?, A) , 
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with 

. e 

£ * 2 

? < S + e 

(9.16) A = pA 

given the (er-dependent) choice of parameters ( 19.12(1 . 

This proves the assertion of Theorem 16. 61 for the case < \p\ < |. 

10. Proof of Theorem 16.61 Codimension two contractivity for p = 

Next, we address the case of vanishing conserved total momentum p = 0. Our 
aim is to prove that instead of only p" , the bounds on the interaction gain a 
full factor p from the renormalization transformation. This holds, in particular, 
independently of the infrared regularization a. 

For M + N > 2, ( 19. 1|) and the subsequent calculations leading to ( I9.6fl imply 
that (using the same notation) 

ua.nL ^ 4oci^)f;( J L+i) 2 (^) i (fe 1 Miit) L 



L=l 

3 i 



P 



< 480Ct-)P L+a B 
(u>2 is defined in ( 15.23(1 ) . 



(10.1) < 1920C|p||w 2 



For M + N = 1, we use the soft photon sum rules SR[/i] , which state that for 
any arbitrary unit vector n C M. 3 , and some p € K.+, 

(10.2) lim a;~ CT u;i,o[-2;X;xrz. ! A] = gp{e(n, A), 9x) R3 r[z; X] , 

and likewise for wo,i- If p = 0, T g T is 0(3)-invariant, and is a function only of 
Xo and X 2 . Therefore, 

(10.3) d x T[z;X;p = 0]=0, 

x=o 

so that 

(10.4) lim lim x~ a Wifi[z;X_;xn, \] = , 

X—>0 x^O 

and hence 

(10.5) lim lim wi n[z; X; xn. A] = , 

and likewise for u>o,i- This is the crucial step where the soft photon sum rules 
are used to prove irrelevance of the generalized Wick kernels of degree 1. The 
consequence of ( 110.5(1 is that wo,i and u>i,o (which superficially scale marginally, 
that is, with a factor p" — > 1 as a — * 0) have a Taylor expansion in \k\ and X_ with 
zero constant coefficient, and thus scale with a factor p. 
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The leading term in w\ t o corresponding to L = 1 (where p and q are necessarily 
zero) is given by 

(!0-6) V^[w\X;K] = (n, FolX+QWilzipXspKlF^ri) , 
which can be estimated by 

(10-7) \\Vi%%}\\i < 2|| Wl , [z;pX;^]||»||^ ||»||F 1 ||». 

This is obtained from applying the definition of the norms || • ||^ in f l3.8[) and || • ||" 
in ( I5.19|) , and using the Leibnitz rule repeatedly. An additional derivative with 
respect to \k\ in Fq is accounted for by the factor 2, where we have used 

Wm'dwQkl'FowiflF!)]],, = Wm'q^FoQkl'wiM)]],, 

< ( sup ||a| fc |Fo[A:+A I ]|| op )|| Wl .o||l|| J F 1 i|| J 

|X|<X <1 

(10-8) +||^|| B |||fcr9| fc |(|fcr W i,o)||»||F 1 ||8, 



since 



(10.9) sup |!a| fe |F [X + fc]|| op < V sup \\d%F \\ op < ||F || tt . 
\x\<x„<i QZ 1 \x\<x <i — 

Use of ( I1U.5II implies 

\\w lt0 [z;pX;pK]\\ a < p ]T ||%«i,o|U + p\\ \Wd\ k \ {\k\~ a w lfi ) 

i»i=i 

a = 

(10.10) < p\\w Xfi \\l, 

so that 

\\w lfi \z;pX;, P K]\\l = ]T \\d™w 1>0 [z; pX;, pK]\\ a 

a o =0,l 



i<kl<2 

-11=0 



+ \\\k\°d w {\k\~°w lfi [z-pXj, P K])\\ 
< p\\dx wifl\\<T +2p ^ \\dx_ w i,o\\<? 



1<N<2 
a„ = 



+2p\\\k\ a d w (\k\-°w 1 , )\\ a 
(10-11) < ZplKoll* . 

We note that since the norm || ■ does not involve any derivative with respect 
to \p\ if p = 0, all derivatives scale with a factor p. Moreover, 

(10.12) H^ollMl^ill* < C e . 
Consequently, 

(10.13) ll^o,ogMllt<10pC|lKo||» . 
The case for {uq,i is identical. 
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The sum of terms contributing to uiifl for L > 2 can be bounded by 

oo C 1 h 

2oc 2 e Y / (L + i) 2 (—) (2 P i+ n M+N 



L=2 

x 



• lH Vmi—M, n,n PL>1L' 

»lH h"i=« ™f+Pi + "« + 9^> 1 



* 11 U^J (-7=) II^W+P^+^MILj 



< 20C|p 1+ ^^(L + l) 2 B 1 



L=2 

(10.14) < 3840^£|KIII )CT , 

by use of similar arguments as in the derivation of f !9.6[) . and J^iLaC^ + ^) 2 B L < 
12B*forB = ^\\w 1 U a <± 

In conclusion, 

HMxiit < ri^oiiS- +r 1 ii<3o,iii^ + 

< (20C| + 7680-|^ + 1920C|)/j||u; 1 ||| !(T 



(10.15) < 9620C4/oe 

independently of cr, for e < eq < p 2 . 



|f-T (p=0;pA) || s < 5+120C e (— 



In the case M + N = 0, we again choose Kq := ifo, see ( 15.181) . as in ( I9.11|l . 
and we find 

P 

p 

(10.16) < <5 + e 

1 i 

using e < eo < p 2 , and £ = (120Cq) - 2 — c-f , all independent of cr. 
Therefore, 

(10.17) Tl p : D M (e,S,X) -+£("»(?,?, A) 
with 

e < C4pe where C4 := 9620C|, 
? < 5 + e 

(10.18) A = pA , 

independently of a. Thus, TZ P is codimension 2 contractive with <T< | for p < 



This concludes the proof of Theorem 16.61 
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11. The first Feshbach decimation step 

One of our key aims is to find the ground state eigenvalue and eigenvector of 
the fiber Hamiltonian H(p, a) on T ', using the isospectral, operator-theoretic renor- 
malization group constructed in our previous analysis. H (p, a) has been defined in 
( I1.19fl , and is written in Wick ordered normal form in ( 111.5(1 below. 

We use the following strategy. 

In this section, we construct an initial condition for the renormalization group 
recursion by isospectrally mapping the fiber Hamiltonian H (p, a) on T to an effec- 
tive Hamiltonian on H. re d = l[Hf < 1]J-. The latter is parametrized by an clement 
inside a polydisc D(co, So, h ) (defined in ( K.l'S\i ). We refer to this procedure 
as the "first Feshbach decimation step". For sufficiently small values of the elec- 
tron charge g, the constants eoi^o are sufficiently small that 1Z P is codimension 2 
contractive on J)(eo,<5o, \ ) according to Theorem l6.6l 

Thus, iteration of 1Z P generates a convergent sequence {wj- n ^}neN m 20 >0 . In 
Section [TJ we show that in the limit n — > oo, the spectral problem of finding the 
ground state for H [tgW] can be explicitly solved. By a recursive use of the Feshbach 
isospectrality theorem, Theorem l4.2l this result allows us to reconstruct the ground 
state of H(p, a). 

11.1. The result. In this section, we prove the following theorem, which provides 
an initial condition uA ^ for the isospectral renormalization group. 

We recall here that 3^3 (.F, \i[Hf]) denotes the set of Feshbach pairs corre- 
sponding to \i[Hf], cf. Definition 14.11 and \i is the smooth cutoff function 
defined in ( I5.1fl . Moreover, we recall the definition of the injective embedding 
H : 2U> B(n red ) (see ( KZty ) from Sectional where (2H> , || • is a Banach 
space of generalized Wick kernels. 

Theorem 11.1. Assume that < |p| < |, a > 0, and £ £ Di. Then, for 
sufficiently small values of the electron charge g, 

\n\ 2 n 2 

(n.i) (H(p,a)-^--^-(n,Ain) + c,H f ) e mr.xim)- 

For sufficiently small values of the electron charge g, there exist small constants 
£o,^o, £ > independent of a, and 

(11.2) j£(°) = (E^,T(°\w^) G SKeo,^- 1 ) C M>o 
such that 

(11.3) H\wW[z}] = F Xl[Hf] (H(p,a) - M! - £<fi,<fi) +C, H f ) . 
The spectral parameters z and £ are related by 

(11.4) z = C-£ (0) [C]=: J(-i)[C], 
and z G D i_ . The parameters £q, 5q are O(g). 
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Proof. We closely follow the proof of Theorem l6.6l However, while in Theorem 16.61 
we were concerned with bounded operators on TL re d, we are now studying un- 
bounded operators on T . Thus, instead of operator bounds, we use relative op- 
erator bounds of the interaction operator with respect to the free Hamiltonian. 
Otherwise, the arguments are identical; for the algebraic part of the proof related 
to Wick ordering, essentially no modification is required. 

We recall the notation 

E=(H f ,P f ) , 

and 

X = {X ,X) e M + x M 3 , 
which denotes the spectral variable corresponding to V_. 

11.1.1. Generalized Wick normal form of H(p, a). We rewrite the fiber Hamiltonian 
H(p, a), defined in ( I1.19|) . in Wick ordered form 

(11.5) H(p,a) = ^ + ^(n,Aln)+T[V] + W , 
where 

(11.6) T[P] = H f -\p\p}+\p] 

is the free Hamiltonian. Since < \p\ < |, and \Pf\ < Hf, 

(11.7) ^ < T[V] < 2H f 
is immediately clear. 

The interaction Hamiltonian is given by 

(11.8) W = W M,N, 

1<M+N<2 

where 

(H.9) E W ">» = -9(lP- p f)> A *X* 

M+N=l 

(n.io) E w w = \f ■■ <, : 

M+N=2 

with M, N e {0, 1, 2}. Here, : (•) : denotes Wick ordering. 

The generalized Wick kernels wm,n corresponding to the generalized Wick mono- 
mials Wm,n (for definitions, see Section |SJ) are given by 

(11.11) w hQ [X;K} = -g((p-X),e(K)) s3 K a (\k\) = w* 0)1 \X-K] 
for M + N = 1. Moreover, 

(11.12) w 1A [X;K,K] = g 2 {e(K),e(K)) M3 K„(\k\) Ka (fk\) 
and 

(11.13) w 2>0 \X;K,K] = ~g 2 (e(K),e(K)) R3 K a (\k\) Ka (\k\) = wl 2 \X;K,K] 
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for M + N = 2. The smooth cutoff function which implements the ultraviolet 
and infrared regularization, has been defined in ( 11.14(1 . 

11.1.2. Soft photon sum rules for H(p,cr). The generalized Wick kernels Wm,n 
together with T satisfy the soft photon sum rules SR[/j = 1] in f lB.^Ufl . Indeed, 

g(e(n, X),d x ) R3 T[X] = g(e{n, X),d x ) R3 [x - \p\X^ + ^- 



(11.14) 



since 
(11.15) 



= ]imx- a w 1Q \X;,K] 

x^Q 

= lim x~ a wm [X; K] 

x^O 



lim x a K a (x) = 1 , 

2^0 



k—xn 



k—xn 



see ( I1.15|) . We note that the value of fi depends on this normalization condition. 
Moreover, 



g(e(n,X),d x ) R3 wi,o£ K] 
(11.16) 



= -g 2 [(e(n, A), d x ) R3 ((p - X), e(K)) R3 \ n a {\k\) 
= g 2 {e(n,X),e(K)) R3 K a (\k\) 
= 2\imx-' J W2,o[X- 1 K,K} 



K=(xn,\) 



= 2\imx~' T w 1:1 [X;K,K] 

x—>0 



K=(xn,\) 

The case for u>o,i is completely analogous. This establishes that the generalized 
Wick kernels of H{p, a) satsify the soft photon sum rules SR[1]. 

11.1.3. Basic estimates. From ( lll.llfl ~ ( 111. . one can straightforwardly read 
off the following estimates. For M + N = 1, one obtains 



(11.17) 
and 



\wm,n[2£.;K}\ < g( 



\X\) Ka (\k\) 



(11.18) 



\dx w M ,N[2L;K}\, \d x w M ,N[2L;K}\ = o 

\d\ p \w M ,N[X;K}\ < cgK a {\k\) 

\d x w M ,N[2L;K}\ < cgK a (\k\) 

W^d^k^WMA^K]^ < eg. 



For M + N = 2, one gets 



(11.19) 
and 



(11.20) 



\wmM2L;K,K}\ < g 2 n a {\k\)n a {\k\) 

\9\p\Wm,n[X;K}\ = 

\d x w M M2L;K,K}\,\d 2 x w M MX;K,K}\ = 

\\k\°d lk{ (\k\- a w MiN \X;K,K})\ < eg 

\\M a d lk (\k\~°w M , N {X;K,K})\ < eg 
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11.2. Proof of Theorem lll.lt Domain of ,]. We shall first verify that 

for g and |£| small, {T\P] + W + £, Hf) lies in the domain of the smooth Feshbach 
map. 

Lemma 11.2. (Domain of the smooth Feshbach map) For sufficiently small elec- 
tron charge g and £ G Di , 

(11.21) [T\P] + W + (,H f )e XiWf}) 
is a Feshbach pair corresponding to \i [Hf] ■ 

Proof. The task is to verify properties f !4.3[) that define Feshbach pairs. 

To this end, let P\ denote the orthoprojector onto Ran(xi[-ff/]) = H-red = 
l[Hf < and let P\ be its complementary projection. According to the defini- 
tion given in ( 15.1(1 , 

(11.22) A = l[H f > 1} . 
We introduce the free resolvent 

(11.23) R := [H f + Xi[H f }(r[V] + OxiiHf}]^ 

on Ran(Pi), where T'[V] := T[V]-H f = -\p\P l j + R is well-defined since H f 
is invertible on Ran(Pi), and 

(11.24) \R \ < cP 1 [H f + Pfy 1 P 1 . 
We shall first verify that 

(H-25) \\\R \hi[Hf}W X i[Hf}\R \m op < eg 

and 

(11-26) \\\R \hi[Hf}Wxi[Hf}\\ op < eg. 

To this end, we estimate the contributions from W = X<m+jv=i 2 Wm,n separately. 

For M + N = 1 , the Schwarz inequality yields 
\\\Ro\hi[H f }WosXi[Hf}\R \h\\ < g\\\Ro\H\ P \ + \P f \)\\ op \\A^xi[H f }\Ro\h\\ 

< eg I dKlk^K^dkDWaiK^'W 



< eg 



d"k\k\-^i(\k\) 



\H]4>'\ 



< cgWHjlRom 
(H-27) < cgU\\, 

for arbitrary <f> £ T and 4>' := |-Ro|^</>- Here, denotes the term in the quantized 
electromagnetic vector potential A Ka that contains annihilation operators. The 
case for W\$ is analogous. 
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Moreover, 



I |-Ro|'Xi[-H>] Wo,iXi[-H>]^|| < C9 / dK\k\-^n a {\k\)\\a{K)xx[Hf]cj> 



Xi\Hf]\\ 



\Pf\)[H f -\C\-\p\Pj + -f 



< eg 

< cgU\ 



\k\<i 



d 3 k\k\- 2 Kl(\k\) \\Hjxi[H f ]<t>\\ 



(11.28) 

for arbitrary <fi £ T . The case for W\.q is analogous. 

For M + N = 2, one obtains 
(11.29) \\\Ro\hi[Hf}WM,NXi[H f ]\Ro\?\\ op < eg 2 

and 

(H-30) \\\Ro\hi[H f }W M ,NXi[Hf}\\ op < eg 2 . 

The proof can be straightforwardly adapted from 3 . 

This establishes ( TTZty and ( 111.260 . 

Let 



(11.31) 



R 



H f +xi[H f }(T'[P} + W + <:)xi[Hf} 



on Ran(Pi). Applying a resolvent expansion in powers of W, and using the esti- 
mates ( II 1 .2511 , ( II 1 .2611 , one finds for g sufficiently small 



PlUp < J2\\\ R o\ l ^\ op \\\Ro\^w\R 



(11.32) 



L=0 

< c 



\m L ipoi^ii 

1 II op I 1 1 1 1 1 op 



oo 



< c 



L=0 



and similarly, 



\\R\*Xi[H f }(T'[P] + W + Oxi[H f ]\ 



Op 



= \\xi[Hf]{T'[V]+W + Oxi[Hf] 

xRXi[H f ]{T'\P] + W + Qxx[Hf)\ 



L=0 



< \\\RSUHf]{T'[n + W + Q) X i[H f ]\\ op Y,\\\RSw\R 
(11.33) < c. 

We note that (T" + QxiWf] = Xi[Hf](T' + Q is bounded 
By ( 14.3(1 , this establishes the assertion of the lemma. 



I II £ 

2 

1 1 op 



□ 
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11.3. Proof of Theorem 111.11 Generalized Wick ordering. Application of 
the smooth Feshbach map yields 

(11.34) F Xl[H/] (T[V} + W + t,H f ), 

which, by Lemma 111.21 restricts to a bounded operator on Ran(xi [Hf]). The 
corresponding intertwining operators are given by 

Q XllHf ](T\V] + W + C,H f ) e B(RMxi[H f ])^T) 

(11.35) Q[ l[Hf] (T[V]+W + C,H f ) e B(^->Ran(xi[H/])), 

see (Kty. (Kty. and (EZJ). 

Our next goal is to prove that there exist eo, So — O(g), and w} ^ G 53(eo, Sq, \) 
such that 

(11.36) H\w<®] = F Xl[Hf] (T[V] +W + (,H f ). 

The first step is to prove an analogue of the statement of Theorems 16.31 and 16.41 
That is, we determine the entries of w/ )[2] as integrals of formal power series with 
respect to the generalized Wick kernels wm,n in ( Ill-Ill ) ~ ( 111.131 ). The result 
is given in ( 111 .43|) below. ( lll.43fl is obtained by Neumann series expansion of 
Fxi[Hf](T[¥!] + W + C,Hf) with respect to the operator W, and Wick ordering. 
These operations are purely algebraic, and the proofs of Theorems 16.31 and 16.41 
apply to the present case with with trivial modifications, where x P [Hf \ is replaced 
by Xi[Hf]. 

To prove the convergence of ( lll.43|l . we adapt the proof of Theorem 16.61 The 
necessary modifications are due to the fact that the operators T and W are un- 
bounded, in contrast to the cases studied in Section [6.61 

We closely follow our discussion in Section lo"rjl and suitably modify the elements 
of the proof of Theorem 16 . 61 from Section 0^ Section [5] step by step. 

We first adapt Lemma IV. ll in Section which governs the Wick ordering opera- 
tion, to the first Feshbach decimation step. 

Recalling 

(11.37) T'\X] - T\X] -X = -\p\xW + X -X 2 

and the definition of the operators W™< n [X; K ( - m+ ^ n+ ^] from (MB, and 01 Wt 
from Theorem 16.31 

For fixed L £ N, we recall that 

(11.38) m,p,n,q := (mi,pi,m,qi, . . . ,m L ,pL,n L ,qL) G Nq 1, 
and 

(11.39) M = mH YrtiL , N = m-\ h n L . 
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We let, for 1 < mi + pi + ii( + qi < 2, 

L 

(11.40) := (n,F [X][]lW e lz-p(X + 2Le);pK { r' ne Wx} 
where 

(11.41) F [X] :=T Xl [z;V + X + X } , F L [X] := T X1 [z; 2 + X + X L ] 
and 

(11.42) F e \X] := . x\[H f +X a+ X lfl ] 

H s +X +Xw+Xx[H f ]{T>[z-V + X + Xj]+E[z]) 

for £= 1,...,L- 1. 
Then, 



£=1 mi H hm L =M PI >91 >■ --.PL <?L : 

"1-1 hn£ = JV l<m e +p e +7i e + q e <2 

(11-43) x n{( TO£ P +W )( * + * )}vllnM^ (M ' N) ] • 

We claim that the statement of Lemma l7.1l also holds for the definition of Ft, Wm,n, 
and Vm)>,7i,q[X_; K^ M ' N ^>] given here, but with p replaced by 1. 

Lemma 11.3. For any L > I and m,p,n,q € N^, one has Vm,l,n,q € SHT^j N with 

max(||a Xo yW |W|q || g , |||fcr9| fc |(|fc|- ^W^ )|| g } 

(11-44) < 2(L+l)^ +i n^^^ 

(=1 Pi 9; 

/or any k G k^ M ' N \ Furthermore, 

(11-45) II^UlU < 10(^+l) 2 ^ +2 n l|Wm '+Xw 2 WI1 ' ' 

i=i Pi 1i 

for < \a\ < 2, a = 0. For |p| > 0, and \a\ < 1, 

(11.46) W^Vj^J. < 10(£ + l) 2 C|+ a n l|Wm, yy a Mll£r ■ 

i=i Pz 9; 

ConsegMeni/i/, 

(11-47) ||VW,n,,lli < 10(i + l) 2 C|+ 2 f[. ||u;m ' +tt '"'^ Wl ^ 



_Pl/2_ «/2 

2=1 Pi 9/ 

usm<7 i/ie convention p p = 1 /orp = 0. TTie constant Cq only depends on the choice 
of the smooth cutoff function xi- 
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Proof. We follow the proof of Lemma 17.11 step by step, and replace arguments 
wherever necessary. 

First of all, one can straightforwardly verify that there is a constant 1 < Cq < oo 
that only depends on the choice of the smooth cutoff function (used in the 
definition of xi[Hf], see ( 15. 1|) ) such that 



\dx F t \X]\ 



\d^F e [X}\+ E \ d \p\ d l F dX}\ 
\si<t 



0<|a|<2 
a =0 



(11.48) 



< 



H f + x + (p f + xy 



\X\<X \H f +X > 



uniformly in z G Di_. The characteristic function on the right hand side accom- 
modates the fact that |P/| < Hf, and supp(xi) = [f )Oo). 

Next, we bound \ vi L ln, q [X; K( M - N )]\. The operator norm estimates in ( EH 
cannot be applied here, because the interaction operators We are not bounded on 
Ran(xi[i7/]) C T. However, with 

\Vi L l n jX;K^}\ < \l\Fo\JQ\i \F L \X L ]\? 

II op 

L 

(11.49) x n||l F ^ i &-i^ v ^[ z ;^ + ^'^ m ''"' ) ]l^[^]l l 



Op 



we may use ( lll.48|) together with the relative norm bounds 



\F l _ 1 \X i _ l ]\^W t [z;X + X u ;K i 



(m e ,n e ] 



}\Fi[X e W- 



op 



< eg 



for I — 1, ...,L. The proof of the latter is a straightforward adaptation of the 
arguments used to prove (EUl, r iTHffll . f lTTTl . and 

To estimate \d^ vj L ln :q [X; K^ M ^}\, for 1 < |o| < 2 with a G {0,1}, we use 

f irm , r im^ .l irrr^ . r rrrna . and r rrrm finding 

l^-i&-i]|^£[^;^ + ^;^ (m£ ^ ) ]|^[^ 
\Ft-i[Xt_ x ] \^c%W e [z; X + 2U; K ( r " le) ]\FA^ 
etc., as well as 



Op 



Op 



< 



|5| 1 ^i&-i]|^ 2 ^[^^ + ^;^" l "" f) ]|^&]| t 



< eg 



etc., for + a 2 = a, and € = 1, . 



We estimate derivatives of V, 



(L) 



by separately bounding the terms Vm,p,n,q, 
j = . . . , viii, introduced in the proof of Lcmma l7.1l in Section Only now, we 
use the relative norm bounds derived above, and replace p by 1. Then, the statement 
of Lemma rTTl can straightforwardly be verified to hold also for the present case. □ 
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11.4. Proof of Theorem 111.11 Mapping into a polydisc. 

Lemma 11.4. For g sufficiently small and under the assumptions of Theorem Ml.R 

there are small, positive constants eo,<$o = 0(g), and such that 

(11.50) H\w<®] = F Xl[Hf] (T[V] +W + C,H f ) 

for an element contained in the polydisc D(eo,8o, which is endowed with 
the norm \\ ■ 

Proof. We may here adapt the segment of the proof of Theorem 16.61 presented in 
Section [5] line by line. The only difference here again is that p is replaced by 1 in 
all estimates. 

We note that a detailed account on this part of the discussion for a similar model 
can be found in |3J. □ 

11.5. Proof of Theorem Ill.H Soft photon sum rules. 

Lemma 11.5. Under the assumptions of Theorem Ml.il u/- ^ G 2)(eo> Sq, i) satisfies 
the soft photon sum rules SR[1] . 

Proof. Again, we can straightforwardly adapt the arguments presented in Section[S] 
line by line to the present case. The algebraic structure of Vmj>,n,q is equal to that 
of the corresponding terms discussed there, while p is replaced by 1. One then 
concludes that w_(°> satisfies the soft photon sum rules SR[1], for the value fx = 1 
in ( I6.3()|) (the value of p depends on the normalization condition ( I1.15JI ). □ 

12. Reconstruction of the ground state eigenvalue and eigenvector 

In this section, we prove that the infimum of the spectrum of H (p, a) is a simple 
eigenvalue at the bottom of essential spectrum, and to construct the corresponding 
ground state eigenvector. 

The strategy is based on combining the isospectral renormalization group from 
Sections H3 and 16.61 with recursive applications of the reconstruction part of the 
Feshbach theorem, Theorem l4.2l 

Theorem 12.1. If < \p\ < |, assume for a > that So = 5o(cr), p — p(c), £,, 
e o = e o(c) > are sufficiently small such that the renormalization map 1Z P has the 
codimension 2 contractivity property on £>(eo,<$o + 2eo, 1/2), endowed with 

the norm || • If p — 0, assume that independently of a > 0, p, eo, 6q are 

sufficiently small such that the latter holds. 

Suppose that the electron charge g is sufficiently small that € ®(£o,5o, \). 

Then, with e( .oo) £ -D_L defined in ( \12. ( Jj) below, H [e(o.oo)]] has a simple 
ground state eigenvalue at 0, with eigenvector ^(o.oo) given in ( \12.5u)) . 

Moreover, E(p,a), as defined in ( \12.13\) . is the simple ground state eigenvalue 
of H(p,o~), and the corresponding eigenvector is given by fj.j^, as defined in 

mm- 
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Proof. We recall from Section IfT^l that 5)W(e, 8, A) C 20>o denotes the subset of 
elements of £>(e, S, A) satisfying the soft photon sum rules SR[/i] . By Lemma Til. 51 
and Theorem 16.61 we have 

so that 

Tl n p :S«(e ,(5o,2- 1 )^D^)(e n , ( 5„,A„) , 

where 

e» < 2-"e 

<5„ < 5 + [1 + 2- 1 + ■ ■ • + 2-" +1 ]e < 5 + 2e 
(12-1) A n = P —. 

It hence follows that 

(12.2) »W := ^[w (0) ] 

€ S^)(e„,«5„,A„) 

for n e No- 
Let now 

(12.3) £ (n) M:=™g[*;0], 
and 

(12.4) U (n) :=Z%<»>] = {ze Dj_\\E (n) [z}\ < ^} . 
From Lemma Ifi.ll we recall that 

(12.5) J (n ) : U (n) -> L>_l_ , z i-> p" 1 ^)^] , 
is an analytic bijection. which satisfies 

(12.6) £k - ci < \j$[ci - j^n < |ic - ci , 

cf. P. 

We then define, for < n < to, 
(12-7) e(nim) :=J ( -;o...oJ ( -^[0]. 
By (HHJl, 

(12.8) |e(„ m) ~e ( „ m+1 )| < J |e( m , m ) -e ( „ l;m+1) | < J , 

since e m , m , e m>m +i G L>_l, [T]. As |g < 1, the limit 

(12.9) e (n oo) := lim e (n m) G 

ro— >oo 

exists for all n G No, and by construction, 

(12.10) p~ -E( n )[e(„ >0o j] = J(„)[e(„ !00 )] = e( Jl+l oo ) . 
This, together with |_E(„)[2:] — z\ < 2~ n eo, implies that 

(12.11) |e(„ i00 ) -pe ( „ +li00 )| = |e(„ iOC ) - [e( Qj00 )] | < 2~"e , 
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and consequently, 

(12.12) \e {n>oo) \ <2- n+1 e 

tends to zero in the limit n — > oo. 



Next, we let 



e (-l,oo) : — "^(— 1) I e (0,oo)] ! 



2 2 

(12.13) E(p,a) := e ( _ li0o) + P - + |-<fi, <fi) 
and 

(12.14) ff ( _ x) := e^^l + T^+^-x) 
on J 7 , where 

(12.15) T ( _ 1} = ffy-b^+Pl 

(12.16) = ff((p-i'/).^>R. + y : A L ■ ■ 
Then, 

(12.17) H { _ x) =H(p,<j)-E{p,<j) , 

where H(p,<r) is the fiber Hamiltonian, see f 11.19(1 and ( 111.5(1 . 

Moreover, we introduce the notation 

H (n) := ff[tfl (n) [e (n)0o) ]] 

(12.18) = T (n) + e {n<oo)X \{H s ] + W (n) 
for n > 0, where 

(12-19) T(„) = Wo"o[ e (™,oo);3 - Wo"o[ e (n,oo);0] , 

and 

(12.20) W (n) = ]T Xi[Hf}W M Mw { M] N hn^)}}xi[Hf} . 

M+N>1 

Since by construction f 112. 10(1 is satisfied, we have for n > 

= R p \ H {n-l)] 

(12-21) = «) n [^ ( o)], 

and 

(12.22) H (0) = F Xl[Bl] (H(p,a) - E(p,a),H f ) . 
_ff(o) fi a s been constructed in the first decimation step. 

We shall now demonstrate that for a > and < \p\ < |, 

(12.23) E(p,a) = inf spec{H(p,a)} . 

Furthermore, we shall prove that E(p, a) is a non-degenerate eigenvalue, and 
struct the corresponding eigenvector. 
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Let 

(12-24) Q ( _ 1) := Q xl[Hf] (H ( _ lh H f ) , 

which is a map Ran(x 1 [_ffy]) — > and for n > 0, 

(12.25) Q {n) := Q Xp[Hj] (H {n) ,H f ) , 

which is a map Ran(x )3 ) — > Ti. re d- Let T p denote the unitary dilatation operator, 
defined by T p Q = ft, so that S p — -T p ( ■ )T*, see ( 16.1(1 . Then, the first equation in 
( 14. 10(1 . Eq. f ll2.21(l . and 5'p[Xp[^/]] = ~XlWf] together imply the key intertwining 
property 

(12.26) #(-iA-D =Xi[H f ]H (0) , 
and 

#(n-l)Q(n-l)r* = Xp[#/]^ Xp [ff / ](ff(r 1 -l),.H/)r* 
= PXp[Hf}T*H {n) 

(12.27) = P r; X i[fl>]^(») 

for n > 0. 

Next, we define vectors 

(12.28) *(n,m) != Q(n)^ P Q(n+l)^ P ' ' ' Q(m-l)^ <= ^red , 

for < n < m. In the case n = — 1, 

(12-29) *(-l,m) = Q(-l)*(0,m) 

is an element not of H re d = l[Hf < but of T . 
Noting that = r*x P [ff/]fi, 

*(n,m+l) ~ *(n,m) = Q(«)r*Q( n+ i)r* • • • Q( m -1)F* (Q( m ) - XpWf])0, . 

(12.30) 

We shall next estimate ( 112.30(1 . The discussion here is more complicated than in 
PP, due to overlap terms of the form T^[V]xp[Hf}x P [Hf], which can be large (cf. 
Section EH), where Tl, is defined in ( 112.341) . 

Lemma 12.2. Let j e N . Then, 

(12.31) -XpWAKQu+dWop < . 

Proof. Writing out 

Q(j) = X P [Hf]-Xp[Hf}R(j)Xp[Hf] 

(12-32) (t' U) + e {j!00)X i[Hf] + W (j) ) Xp [H f ] , 
for j > 0, where 

(12.33) R U) := [F / + Xp[ff/](% + e . oo) x![ff/]+W . ) )xp[ff/] 
on "Raxi(x P [Hf]), and 

(12.34) T^^T^-Hf. 
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Wc define 

(12.35) Q U) := x P [H f ]~X P [H f ]R U} x P [H f ]W U)Xp [H f ] 
Q(j) '■= X P [Hf] - x P [Hf}R(j)X P [Hf] {T' {j) + e {jt00) ^Xp[Hf] • 

We note that 

(12.36) Q( m )0 = Q (m) 0, 
since T( m ) and e( m oo ) commute with x P [Hf], and x p [Hf}fl = 0. 

The first term on the right hand side of 

(<2(i) - X P [Hf])T* p Q u+1) = (Q u) - Xp[Hf])r* p Q u+1] 
(12-37) + (Qu)-Xp[Hf})T;Q u+1) 

is in operator norm bounded by 

\\{Q(j) - Xp[Hf])r* p Qu+i)\\op < \\Q(j) - Xp[Hf]\\op\\Q(j+i)\\o P 

< ll-R(i)llop||w / (:) )|| p||^ (:)) || p||i/( i+1) - H f \\ 

(12.38) < c?-^, 

P 

where we used the estimate 

\xp[Hf](H f + x P [H f }(T' u) [V} + e (jt00) xi[H f ] + W^^Hf])^ Xp [H f ] 

(12.39) ^(cp-WW^y 1 , 
cf. the proof of Proposition 16. 21 and 

(12.40) \\W U) \\ op <2-*e , 

for general j G No- Furthermore, ||-ffy+i) — Hf\\ op < c, where the bound is inde- 
pendent of j. 

The second term on the right hand side of ( I12.37fl can be written as 
(12-41) (Q u} - Xp[Hf])T p Q {j+l) = (I) + (II) , 

where 

(12-42) (/) := (Q U) - X P [H f })T* p Q u+1) 

and 

(12.43) (II) := (Q u) - Xp[Hf])T* p (Q {j+l) - Xp [H f }) . 

We have 

IK-Ollop < \\Q(j) - Xp[Hf}\\op\\R(j+l)\\op\\W( j+ y\\ op 

12.44 < , 

P 

since 

(12-45) \\Q(j)-X P [Hf]\\op < ||%) IUpII^.) +e UiO0) \\ op < - , 
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where \\TL-< + e(j,oo)\\op < c, independently of j. Furthermore, by expanding the 
resolvent Rrj\ once (with ^ ,(i+i) corresponding to with W/j) set equal to 
zero), 

(77) = (Q U) - X P [Hf])r;x P [H f ]R 0Xj+1) x P [H f ](Tl J+1) + e (j+1>oo) ) Xp [H f ] 

- (Qu) - x P [H f ])r; Xp [H f ]R 0Xj+1) x P [H f ]w u+1) (Q u+1) - Xp [Hf]) . 

The first product of operators on the right hand side of the equality sign is identi- 
cally zero, as one easily sees by commuting the cutoff operator Xp [Hf] to the left, 
and by noting that 

(12.46) (Q -) - X P [H f ])T* Xp [H f ] = (Q U) - Xp [H f ]) Xp ,[H f ]Y p = , 
since Xp [Hf]x P 2 [Hf] = 0- Thus, 

||(77)|| op < \\Q U) -Xp[Hf}\\op\\Ro,u+i)\\op\\W u+ i)\\op\\Q( j+ i) -X P [Hf]\\o P 

(12.47) < c^°, 

by ( DSiill . This proves dT2~3T|) . □ 
Hence, we find for 

(12.48) *(n,m) = Q(n)^* p Q{n+X)^*p ' ' ' Qm-2^* p Q( m -l)^ , 

that 

||*(n,m+l) - *(n,m)ll < HQ(ro-l) - X P [Hf]\\op 



Jl f 1 + \\(Q(n+2k) - X P [Hf])T*Q (n+2k+1 ) Wop) , 



X 

k=0 

if m — n is even. The modification for m — n odd is evident, and will not be 
elaborated on separately. Thus, 

(12.49) ||%,m+i) - *(„, m) || < c2- m ^exp[c'2-" £0(O - 3 ] 

for constants which are independent of £q,p, <t, and m, n. It thus follows that for 
each fixed n > 0, the sequence of vectors ( n ,m)}m=o m ^red 

(12.50) * (ni0o) := lim (n . m) 

m— >oo 

exists. For n = — 1, { v I'(-i.m)}m=o * s a convergent sequence of vectors in T . In 
particular, 

(12.51) || * (ni00) - n|| = ||* (ni0o) - * (n , n) || < c2-™ +1 ^ cxp[c' 2- n e Q p- 3 } 
which implies that there is n* , such that ^( n ,oo) is non-zero for all n > n* . 

For every n > —1, the vector &r„ iC!0 ) is an element of the kernel of 77( n ). To 
prove this, we use 

77(„)\l/(„ im ) = (77( n )Q( n )r*)Q( n+1 )F* • • ■ Q( m _i)0 

= P r *xi[77 /](77 ( n+ i)Q („+i)r*)Q„ +2 r* • • ■ Q( m _i)0 

(12.52) = ••• =p m - n (T; X i[H f ]) m - n H (m) n. 
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Using T( m )fi = 0, 

\\xi[H s ]H {m) n\\ = \\xi[H f }w {m) n + E {m) n\\ 

< 2~ m e + p|e( TO+1)0o )| 

(12.53) < 2-' n+1 e . 
Hence, 

(12.54) ||^(n)*(n,m)|| < 2- m+1 e -» (m - CO) . 
A more detailed discussion is given in £Q. 

By continuity of Hr n \ on Tired, 

(12.55) ff(n)*( n ,oo) = lim iJ(„)* (n Trt ) = , 

for all n > 0. This implies that ff(o,oo)^ / (o,oo) = 0. In particular, 

(12.56) *(-i,«0 = Q(-x)*(0 lO o) 
satisfies 

(12.57) J ff ( _ 1 , oo) * ( _ l!Co) = (ff(p, a) - £(p, a))*(-i,oo) = 

on T . This proves the theorem. □ 

13. The renormalized mass at non-vanishing conserved momentum 

Starting with this section, we focus on the renormalized mass of the electron, 
and prove the main result of this paper. The treatment of the cases |p| > (in this 
section) and p = (in Sectionsll4land [TBI) wm differ substantially. 

A key input is the main result of Section IT21 where we have determined 

(13.1) E(p, a) = infspec{iJ(p, a)} 

for < p < | and a > 0. Moreover, we established that E(p, a) is a simple 
eigenvalue, and have constructed the corresponding eigenvector 

(13.2) *(p t a):=* { _ li0o) €F. 

We will also use many of the intermediate steps and results presented in the proof 
of Theorem HO 

Our discussion is structured as follows. 

In this section, we study the case p ^ 0, and prove bounds on 

1 



(13.3) m re „M = ^ M 

for a > and < |p| < -| which are not uniform in a. Uniform bounds for p ^ 
are beyond the scope of the present work, and addressed elsewhere, [S] . 

Section ^] addresses the case p — 0. We shall use a different definition of 
the renormalized mass than in the case p ^ 0, and refer to the corresponding 
quantity as m* en (p = 0, a). It is determined by the ratio of the coefficients of 
certain operators appearing in the effective Hamiltonians that are produced by the 
isospectral renormalization group. Our bound on m* en (p = 0,a) is uniform in a. 
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In Section IT5l we prove that for a > 0, both definitions of the renormalizcd mass 
agree. Invoking condition (' 114. 8|) . we arrive at a uniform bound on the renormalizcd 
mass at p = in the limit a — > (for the proof of condition ( 114. 8[) . cf. 

Our constructive proof, based on the operator-theoretic renormalization group, 
provides an explicit algorithm to compute the renormalized mass to any desired 
precision. This is discussed in Section [TBI 

13.1. The main theorem. We shall first address the case \p\ > and a > 0. 
We prove the estimates on the derivatives of E(p, a) with respect to \p\ asserted in 
Theorem 12. II which are summarized in the following theorem. 

Theorem 13.1. For < \p\ < ^, there exist finite constants go(&), co(c) > for 
every a > such that for all < g < go (a), 



(13.4) 

Furthermore, 
(13.5) 
and 
(13.6) 



9 2 \p? 



E(p,a)-^-!L-(n,Aln) <c a (a) ^ 



d M E(p,a)-\p\ <c (a)g 2 \p\ 



df pl E(p,a)-l <c a (a)g 2 



In particular, d 2 p ^E(p, a) < 1 



Proof. To begin with, we remark that 



lim E(p,a) < (n,H(0,a)Q) 



(13.7) 



-(n.Aln) = o( 9 2 ) 



uniformly in a. Thus, f !13.4|) follows from f !13.5[l . 

Applying d\ p \ to 

(13.8) (H(p,a)-E(p,o-))y(p,o-)=0, 
we get 

(d M H(p,a) - d\ p \E{p,a))^(p,a) 

(13.9) = -(H(p,o-)-E(p,a))d lpl V(p,o-) 

and taking the inner product with ^(p, a), we get the Feynman-Hellman formula 

(9(p,<T),(d\ p \H)(p,*)*(p,v)) 



(13.10) 



9\ p \E(p, a) 



(#(p,(T), *(p,a)) 
The second derivative of the ground state energy is given by 

,<(0| P |*)(P, a) , (H(p, a) - E(p, o-))(d {pl *)(p, a)) 



(13.11)d 2 E{p, a) = 1-2- 



Since 
(13.12) 



<*(p,a), *(p,ct)> 
H{p,a)-E(p,a) >0, 
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f ll3.11J) immediately implies d 2 p ^E{p 1 a) < 1. 

To verify ( I13.11[l . let us momentarily suppress the arguments (p, c), and write 
/' for d [pl f. Then, 



«| P |^(P^) 



-l^.H'^)-^ — '- — \ 1 



(13.13) + 



(*,*) 

Here, we have applied <3i p i to ( I13.10|l . and used 

(13.14) H'm = E'V - (H - E)V' 

from ( 113. 9|) . The last line in ( 113.13(1 vanishes, due to f ll3.10|l . and we note that 
H" = 1. This establishes f lHTH) . 

To prove ( 113. 5|) , we first derive an a priori bound from ( 113. 10|) , which implies 
that d\ p \E(p, a) exists for every < \p\ < ^, and uniformly in a > 0. To this end, 
we observe that 

(13.15) H(p,a) = H f + ±(d lpl H(p,a)) 2 . 



Therefore, 

\d\ P \E(p,a)\ < 
< 



'(*(p,a),(d\ pl H(p,a)) 2 *(p,a)y 
(y{p,cr),y(p,<7)) 



1 

(13.16) = [2E(p,a)y , 

by the Schwarz inequality and positivity of Hf. However, 
< E(p,a) < (n,H(p,*)Sl] 



(13.17) = \pl + l(n,Aln). 

Thus, 

(13.18) \d lpl E(p,a)\ < (\p\ 2 +g 2 (n,Aln)y = \p\ + 0(g 2 ) 

is bounded for any < |p| < |, and uniformly in a > 0. By rotation symmetry, 

(13.19) lim5| p |S(p,CT) = . 

Therefore, (H33J) follows from ( lETfy 
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To prove ( 113. 6|) . we recall the following definitions from the proof of Theo- 
rem EH 

JJ ( _i) = H(p,a)-E(jp,a) 

= e(_i iOQ ) + T(_i) + W(_i) 



7? 



(-1) 



- - H/)xi[-ff/]J on Ran(xi[ J ff / ]) 

(13.20) Q ( _ 1} = X i[#/] ~ Xi[Hf}R(-i)Xi[H f }(H (0) - H,) X i[H f ] , 
see f ima ~ f ima . and 

H (0) = F xilH f ]( H (-i), H f) = H[w[e {0tOc) ]} 

H {n) = (Rp) n [H( )} 

= ffH e («,oo)]] 

= e (ni00 )X?[if/] + T (n) + xi[Hf]W( n )Xi[Hf] 

R(n) = [#/ + X P [Hf] (H {n) - H f ) Xp [Hf]] on Ran( Xp [H f }) 

Q(n) = Q Xp [Hf]( H (n), H f) 

(13.21) = Xp[H f ) - x P [Hf]R {n) Xp[Hf](H [n) - H f ) Xp [H f ] , 

see (Esa, (una, (imni, (Em, (est 

To bound ( I13.11|l , we r ecall from ( EEH> that 

2 2 

(13.22) £(p, a) = V - + A*„fi) + e ( _ li0o) 
where e(_i. oc ) is obtained from 

(13.23) e ( _ 1>oo) = Inn o • • • o J"J [0] , 
see (ESI, (E3 and (EH- More generally, 

(13.24) e (j,oo) = ° ••• ^(-i)[e(-i,oo)] , 
for j > 0, cf. ( 112.71) and the subsequent discussion. 

We recall from ( 112.56(1 and ( 112.50(1 that the ground state eigenvector is obtained 
from 

*(p,a) = *(-i )00 ) 

(13.25) = Q(-i)Q(q)T*Q^ ■ ■ •r*<5( n) r*\E'( n+li00 ) . 

We observe that due to 

(13.26) (n, Q (0) r;Q (1) • • • r;Q (n) n) = (n, n) = 1 

for all n > 0, where is the Fock vacuum, ^(p, u) is normalized by 

(o,*(p,<r)) = um <n,Q (0) r;Q (1) -..r;Q (Tl) n) 

(13.27) = 1 . 
Consequently, we obtain 

(13.28) (¥(p,(r),¥(p,ff))>l 



as a trivial lower bound for the denominator in ( 113.11 
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Furthermore, it follows from Feshbach isospectrality, Theorem 14.21 that 

(13.29) H { _ 1} =H(p,a)-E(p,a)>0 
implies 

(13.30) H (0 )=F xll B,](H l _ 1) ,H f )>0, 
and by iteration, 

(13.31) H (n) = (Rf) n [H {0) ] > , n > . 

For the definition of the renormalization map acting on operators on Ti. re d, see 

( EB - 

An important ingredient in our argument is that by ( 14.111) , 

Q(-1) H (-1)Q(-1) ^ F Xi[H f ]( H (-l): H f) 

(13.32) = H {0) , 
and 

Q(n) H (n)Q(n) < F X P [Hf]( H (n),Hf) 

(13.33) = P T* p H [n+1) Y p , n>0 
as the last term in ( I4.11fl is always non-positive for r = if / . 

The numerator in ( 113. 11|) can be estimated recursively using ( 113. 25|) . Due to 
( 113. 12[) , we have 

A { -i) ■■= iiir ( i 1) 0| 1 ,|tf(_i >oo) ii 

< ll^(-l)(9lp|Q(-l))*(0,oo)ll + ll# ( *_i)Q(-l)0|p|*(O,oo)ll ■ 

The first term after the inequality sign is bounded by 

(13.34) l|ffJ- 1) (0MQ(-i))*(o,oo)|| < «(-i)ll*(i,oo)|| , 
with 

(13.35) a ( _!) := (^| P | Q (- 1) )Q(o) llo^ • 
Next, we use f ll3.32|l and get 

(13-36) ||^J.i ) Q(-i)^|*(o,oo)ll < ll^|)%|*(o,oo)ll ■ 

We extend this argument to n € No by induction. 

For n e No, we use 
(13.37) H (n) > 

from ( I13.3ip> , and find 

An) ■= Htf(Vw*(n,oo)ll 

(13-38) < a (n) ||* (n+2)00) || + ||ff|, ) Q (n) r;^ 11 |* (n+li00 )||, 

where 

i 

(13-39) 0( n ) := ||/f ( 2 n) (9|p|(5( n ))r*Q(„ +1 )|| p . 
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From r 113.33ft and r 113.31ft follows that 

(13.40) A (n) < a ( „)||*(„ + 2,oo)ll +P^A (n+1) . 
We therefore find 

oo 

(13.41) < a^xjU^t^jH + ^pta 

(n) II 1 (n+2,oo) II ■ 

Our main task is to bound the real numbers ai n ) for n > — 1. 

The necessary estimates are summarized in the following lemma, whose proof 
we postpone until Section l*L3. 21 



l^f-DXil-ff/j^H^C-i))^^/]^-!)!!^ 



Lemma 13.2. We assume that < \p\ < jj. For n = —1 and a = 0, 1, t/ie bounds 

< c 

\\RU)Xii H f]( d \P\ W (-i))Xi[H f }\\ op < eg 
(13-42) [fl>]W ( _ 1)X i[H/]||op < eg 

hold for explicitly computable constants which are independent of the coupling con- 
stant g and of the infrared regularization a. 

For n > 0, the bounds 

c 
P 



\R(n)\\op , ||Q(n)l|op < 



ll^n) Hop i l|5|p|T( n )|| op < C 

(13.43) l e (n,oo)| , ||W(„)|| p, ||9|p|W( n )|| op < ce„ 
hold where the constants are independent of n and a. 

Moreover, the bounds 

\\d Hf Q {n) n\\ < c ^ 

ll^,Q(«)fi|| < Cjta 

(13.44) ||5| p |Q (n) n|| < 

are satisfied for a — 0, 1, 2 (these are used in Section Wop . 

13.1.1. Bounds on Let us first estimate »(— i)- We recall 

Q(-D = Xi[H f ] - Xi[ff/]£(-i)Xi[ff/](2(-i) + e ( _i,oo) + W^xAHj] 

denotes the interaction operator in H(p, a), and T^_^ = — i?/, where 
is the non- interacting Hamiltonian, of vacuum expectation value 0), and 

(13.45) £(_!) = [j? / +Xi[^/]( J ff(-i)--ff/)xi[-ff/]]" 1 
on Ran(xi[fl/]) C J 7 , with = H(p, a) ~ E(p, a). 
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Q(-1))Q(0) - -^( 2 _i)Xl[-ff/]^(-l)Xl[^/](5| p |i?(-l))Q(-l)Q(0) 



From (EEl, 

(13.46) = -(I) -(H) 

where 

GO := F ( 4 _uXi[ff/]fl(-i)Xi[ff/](^p|^(-i))xi[ff/]Q(o) , 
(13.47IJ7) := ^ ( l _ 1) Xi[ff/]%i)Xi[ff/](5 W ff(-i))(Q ( -i ) -Xi[ff/])Q(0) • 
From (/) = (7i) + (7 2 ) with 

(h) ■■= fff_ 1) Xi[i7/]% 1 )Xi[-ff/](9 W (T ( _ 1) +e ( _ 1>oo) ))xi[ J ff/]Q(o) 

(13.48X/ 2 ) := ffJ. 1) xi[^/]fl(-i)Xi[fl>](fl|p|W(_ 1) )xi[ff/]Q(o) , 
we find, by expanding the resolvent in Qm) once, 

(h) = ff ( *_ 1) xi[H/]fl(-i)Xi[H/](^p|(r ( _ 1) + e ( _ 1 , 00 ))) Xl [ff / ] 

x (xp[^/] - X P [fi/]-R(o)X/»[fi/](r(o) + e{o,oo))Xp[fi>]) 
(13-49) + ^Xilff/l^-^XiIff/l^ipi^.^ + e^!^)))^!^/] 

x (xp[-ff/] J R(o)Xp[^/]W (0 )(Q ( o)-Xp[-ff/]))Xp[^/]) ■ 

The first product of operators on the right hand side of the equality sign equals 
zero because the cutoff operator Xp[Hf] on the far right can be commuted to the 
left, and xx[H f]x P [H f] = 0- Therefore, 

\\{h)\\ op < llffJ.ij^yllopllfif.ij^iCrc-D + e(-i,oc)))xi[^/]||op 
(13-50) x ||i?(o)||o P ||^ (0 )||o P ||0(o) - X P [Hf]\\o P • 

Consequently, we find that 

(13.51) \\(h)\\o P <cJ, 
and 

||(/ a )||op < ll^!)^-!)!!^!!^-!)^^-!))^!^/]!!^!!^^!!^ 

(13.52) < c-, 

P 

for some constants c which are independent of g, a. 
Likewise, (II) = (II X ) + (II 2 ) with 

(Ih) := Hl^UHAR^iMHfm^H^UHAR^i) 

x Xi[Hf\( T {-x) + e (-i,oo))Xi[-ff/]Q(o) 
(Ih) ■■= H^xiiHfjR^xi [H f ] (d^H^xi 
(13-53) xxi[i7/]^(-i)Xi[^/]Q ( o) • 
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We have 

l _x - 1 - 1 

\\(Ih)\\op < WH^R^^WopWR^^d^H^i^R^Wop 

_ i 

x ll-R( 2 _i)(^(-i) + e(_i iO o))xi[#/]Q(0)llo P ■ 

Expanding the resolvent in Q( ) once, similarly as in ( 113.49(1 . one can see that the 
term on the last line is bounded by Hence, 

(13.54) ||(J/i)||op<c^. 



Furthermore, 



|(// 2 )Hc < ||^ 1)J Rf_ 1) || op pf_ 1) (9| P |ff(-i))i?f_ 1) || op 

_ 1 

x ||-Rf_ 1) W(_i)Xi[fl>]||op||Q(o)llo P 



(13.55) < c-, 

P 

for constants c which are independent of g, a. 
It follows that 

(13.56) a (-i) < c — , 

P 

since g — ce . 



13.1.2. Bounds on ai n ) for n > 0. We have 

(13-57) 0(„) < ||-ff(n)l|op||(5| p |Q(„))r*(5(„ +1 )|| p . 

To bound ar n ) , we can straightforwardly adapt the steps between ( 113.46(1 and 
( 113.55(1 in our discussion of the case n = — 1. 

To this end, we observe that in all of these expressions, the indices —1 and can 
be simultaneously replaced by n > and n + 1, provided that the operators xi[Hf] 
and xi[Hf] are replaced by \p[Hf] and x p [Hf]. Correspondingly, we arrive at the 
bounds given in ( I13.5U|) . C 113.52(1 . ( 113.54(1 . ( 113.55(1 . but with the indices -1 and 
replaced by n > and n + 1, and with xi[Hf] and x%[Hf] replaced by Xp[Hf] and 

X P [Hf}- 

Using ( 113.43(1 in Lemma Tl 3. 21 we thereby obtain 
(13-58) l|ff(t)(^|p|0(n))r;Q( n+1 )|U < , 

and 

(13.59) a/ n ) < c^r , 

where the constants are independent of n. 
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13.1.3. Completing the proof. Collecting the above estimates, we are now in the 
position to finish the proof of Theorem 113.11 Using 5 n < So + 2eo and e„ < eo by 
( 112. 2[) , and recalling ( I13.41fl , we conclude that 



(n) 1 1 (?i+2,oo) | 

n=0 

< c — 1 + c — exp - 



-c"e 



(13.60) 



using f ll2.51|) . We thus find 

\df pl E(p,a)-l\ < 2Af 0) < c i(l + c '^exp 
(13.61) < c Q (a)g 2 , 



r c"e 



where we have bounded the denominator in f ll3.11|) from below by 1 (see ( I13.28[l '). 
and recalled from ( 19.121) that p = p(a) = <4 for p ^ 0. For eo = 0(g) < p 3 
(which is compatible with ( 19. 1211 ). we have co(a) < C 1 / CT with C independent of g 
and a. □ 



13.2. Proof of Lemma 113.21 We shall here establish the bounds asserted in 
Lemma 113.21 



13.2.1. Bounds for n = — 1. To prove the estimates ( 113.4211 for the case n 
we observe that 

(13.62) xi[Hf}H { -i)Xi[Hf} > H f + Xi[ff/](^(-i) - H f )xx[H f ] , 
and recall that 

(13.63) i? ( _D = [ H f + Xi[Hf](H(-i) ~ H f ) X i[H f ] 
on Ran(xi[-ff/])- Thus, 



(13.64) 



< c 



H^xtiHflRf^ 

follows immediately. 

For the second inequality in ( 113.421) , we note that 

(13.65) 9 bl#(-i) = -d\ P \E(p,a) + d\ p \H{p,a) , 

and recall 



(13.66) H(p, o-) = H f + (d lpl H(p, a)) 2 = E(p, a) + H { _ 



i) 
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where E(p, a) > and > 0. Thus, 

flf_ 13 Xi[^/](5| p |^(-i))Xi[^/]4-i) 
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Op 



c 



(-i) 



< c+ fl ( '_ 1)A /xi[fi/]^(-i)Xi[^/]«ti)L 
(13.67) < c, 

using f lTTTa . < Xi[H f ] < l, and ||-R ( _i)|| < c (sec ( gOP - 
Next, we have 

Xi [if/] (0 H W(_i) )xi [-ff/]^_i )l0 Xi [#/] (%l )xi [B>] 
i? ( _ 1) Xi[ii/](9 b |^ ( _ 1) )xi[i/ / ] 



Op 



< 



Op 



L>0 



L 

op 



(13.68) < c S £(c fl ) L < 



c<J 



L>0 



where 



(13.69) £ ( _ 1)>0 = [if/ + xi[fl>](e ( _ lt0o) + r ( _D - H f ) X i[H f } 
on Ran(Xi[-ff/])- Here, we have used 



(13.70) 



%i) Xi[^/]^-DXi[^/]i? 



(-i),o 



which was proved in ( lll.33|l , and 



(13.71) 



R} 



- 1 ),oXi[ff/](fllp|W ( _ 1) )xi[fl/] 



< eg 



< eg 



which is obtained in the same way as C lll.29[) (since 9i p iW(_i) = gA Ka ). 
The last estimate in ( 113. 42|) was already proven in ( lll.33|) . 

13.2.2. Bounds {or n > 0. We recall that 

(13.72) H (n) = H\w^[e (n>oo) ]] = e (n>oo) xf [H f ] + T {n) + W (n) 

with w^[er n<ao \] G T>(e n ,S n , X n ). According to the definition of the polydiscs 
2>(e, 5, A), in ( I5TT5J) . and recalling f ll2.12|) . we have 



11%) II 

(13.73) |e(«,ao)l, ||W (n) ||op 
The bounds 

(13.74) ||%) Hop. \\Q(n)\\o P 

were established in the proof of Lemma fl 2. 21 



< c 

< ce r 



c 

< - 
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For the derivatives in we recall that 
(13.75) w {n] [z] = (£[ Z ] ) TW[z] )Ml [ 2 ])€S(e n ,^,A n ) 

is analytic for z £ D-Li where c n 2 n 6o, <5n < So + 2eo, and A„ = p n /2 (see 
( 112. P ), Moreover, we observe that by 



(n) 



(13.76) 
we have 

(13.77) 



e {n>oo)X \[H s ] + (T[z;P]+xi[H f }W[w[z}]xi[H f }) 



d lpl H (n) = H[d ]pl w^[z}} 
+ H[d z w^[z]] 



d \ P \ e ( 



n,oo) 



Let us first address the operator T^[z;V] on Tired, and estimate ||9i„iT' n )[z;22l 



op- 

For the free comparison operator Tg [z;P] defined in ( 16. 9(1 . it is easy to verify 
that 

(13.78) Ud^T^iz-V}) \\ op <c, 

given < |p| < i Recalling ( 113.43)1 . we have 



IP H T(")[z;£]) 



< 



II (W 



(P,A„) 



*;H1) 



(13.79) 



2— > e(n,oo) 

+ ll(<9| P |r(")[z;E]-9| p |T (p ' A " ) [z;a) 

< C + i^e^n , 



for a constant c that is independent of n. K® is the constant that appears in the 
definition of the norm || • ||j in C I5.18fl . 

Next, we consider 

(13.80) W {n) =H\w^[z]] 

where we find 



(13.81) \\(d lpl H[w[ n) [z}]) 



< II )M+iV>l |U,<7 < En 



Note that a partial derivative with respect to \p\, for z fixed, is contained in the 
Banach space norm || • || CT ^ on the polydisc J)(e„, <5„, A„), see Sectional 

To bound the partial derivatives with respect to the spectral parameter z, we 
use the fact that [z] depends analytically on z e Dj_. By ( I12.12|l . we know 
that |e( n oo )| < ^j. Hence, the derivative in z at e(„ -OQ ) can be represented by the 
Cauchy integral 



(13.82) d z w^ N [z;X;K^} 



1 

2Tri 



ICI= 



^ <N [z;X;K^] 
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Thus, 



Ud,HU n) [*]) 



< sup \\(d z w^)\\l a 



U\<e„ 



(13.83) 



< 



1 1 1 (n) r I, I I) , 

JT7 SUp \\utx \A\\,a ^ C£ ™ > 



2?r (2o)~ |*|<& 
where c does not depend of n. 

Likewise, 

(13.84) \\(d,TM[z]) || < c 

^ * e ( n , CO ) 

follows from the same argument. 

To bound |9ipie n)0O |, we recall from ( I12.10|l that 

(13.85) 6(71+1,00) = >^(n)[ e (n,oo)] = P~ E(n)[ e {n,aa)] , 

with |i?(„)[z] — z\ < 2~ J eo, and i?(„)[z] analytic in Dj_. We infer 

d\ P \e(n,oo) — pd\p\e^ n+ i tao ) = 9| p |e(„ )0o -j — d^E^le^^] 



(13.86) 



d\p\e(n,oo)d z (z - E (n) [z}) + d\ p \E( n )[z] 



S(„,oo) 



Representing the derivative in z at e(„ j00 ) as a Cauchy integral, the argument used 
in (EE! yields 



(13.87) 



\d s (z- E (n) [z] 



<c2-"e , 



for a constant independent of n. Moreover, 
(13.88) \d\p\E {n )[z]\ < c2-% . 

Thus, we find 

1 



|9| p |e(„ ;00 )| < 
< 



1 - for, 
1 



l^pl^n) N 



Pl<9|p| e (n+1 ,00) I 



1 - b n+ i 



\d\p\ E (n+l)[z}\ 
P 



l - K+2 

^ [fllZT— ]E^pl S (*+-i)W 



e (»+j,=o) 



(13.89) 



OO 

< ce exp f c' ^ 2~ n ~ j e ^ < ce 



by iteration of the identity ( I13.86fl . 

Next, we prove the estimates ( 113. 4411 . We recall that 
(13.90) Q {n) = Xp [Hf] - x P [H f ]R {n) x P [H f ]{T{ n) + e (rhQo) + W {n) ) Xp [H f ) . 



so 
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Thus, 



(13.91) 

so that 



(13.92) 
using 



dH f 



n - x P [Hf]R {n )X P [Hf]{T{ n) + e ( „ >oo) + w (n) )n 



= -9h, [Xp[Hf}R(n)Xp[ H f}(e(n,oo) + W( n )) 
= R(n) (pHf Hf + x P [Hf] (H {n) - Hf)x P [Hf] 
(dH f Xp[Hf])R( n )Xp[Hf] 

+Xp[Hf]R( n )(d H fXp[Hf]) (e(«,oo) + W [n) )Vl 



R(n) { d 



(„) \o Hj \H f + XpWf] (H (n) - H f )xp[H f ] 
xR (n) x P [Hf](e 

(n,oo) 

+ w (n) )n 

X P [Hf}R (n) x P [Hf](d Hf W (n) )Q , 



< ll^n)IISp[l + \\dH f Xp[Hf]\\op\\H(n) - H f \\ op 

+\\d Hf (H( n ) - Hf)\\ op Me 

( n,oo ) \ + \\W in) \\ op ) 

+2\\d Hf Xp[H f }\\ op \\R 

(n) II op (\&(n.oo) I + 11^)11 op) 

+ 11%) II op\\d Hf W {n) \\ op 
c 



\d H fH {n) \\ p + \\d Hs H {n) \\ op + \\dp f H (n) \\ op < |k (n) || CT , 5 < 



(13.93) 

and r ima . r ima . 

Along the same lines, one obtains 



\d Hf Xp[Hf]\\ 



< 



(13.94) 



< 



for a = 1, 2, using f 113. 93(1 . and noting that dp f Xp[Hf] = (thus, there is an inverse 
factor of p less in comparison to the derivative in Hf). 



This establishes Lcmma ll3.2l 



□ 



14. Uniform bounds for vanishing conserved momentum 

In this section, we study the renormalized electron mass for vanishing conserved 
momentum p = 0. We shall introduce a quantity m* en (0,cr), and prove bounds on 
m* en (0, a) that are uniform in the infrared regularization a. We identify m* en (0, a) 
with the renormalized mass later, in Theorem ll5.ll 
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p=0 



14.1. A second definition of the renormalized mass. From Theorem 16.61 and 
the discussion in Section ITT1 we know that there is a small constant go > (in- 
dependent of a) such that for all values of the electron charge g < go, there is an 
element 

(14.1) w (0) :=u? (0) [e (0)Oo) 

inside a polydisc 2)(eo, 6o, 2 _1 ) such that 

(14.2) H\w (o) ]=F Xl[Hf] (H(O,a)-E(0,a),H f ) . 

This was accomplished in the first Feshbach decimation step. Moreover, for g 
sufficiently small (independently of er), the parameters eo and S are sufficiently 
small that the renormalization map 1Z P has the codimension 2 contraction property 
(E3HI on D(e ,(5o + 260,2-!). Then, 

(14.3) w (n) :=n n p [w (0) ]=w^[e(r 



II. DO 



p=0 

is an element of S)(e„, S n , 2~ 1 p n ), where we recall from Theorem 16.61 that 

e„ < c 4 pe„_i < (c 4 p) n e 

(14.4) S n < e + 2S 

for a constant c 4 is independent of p, n, and eo- 

Let 

(14.5) H (n) := if[£, (ri) ] = H (n) 



p=0 



We may then define 



(14.6) ; := lim 

W* en (0,(7) n-oo (Q,(d Hf H {n) )Q) 

for an arbitrary choice of n G M 3 , |n| = 1, and P'J := Pf ■ n. 
We prove in Theorem II 5 . II below that 

for a > 0. 

14.2. The main theorem. We assume the following condition. 
Condition 14.1. We assume that 

(14.8) lim lim cf |£(p, a) = lim lim df p] E(p, a) . 

Condition ( 114. 8JI relates the definition of the renormalized mass m* en (0,a) to 
the definition of the renormalized electron mass m re n(p,o') given in ( 12. 2D : 

(14.9) lim m* en (0,<j) — lim lim m ren (p,a) . 

a—>0 p—>0 cr^O 

The proof of condition (' 114. 8|) is given in Condition (' I14.8f) and Theorem ll5.ll 
combined thus imply the following uniform bound on the infrared renormalized 
mass, which is the main result of this section. 
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Theorem 14.1. For p = 0, 

(14.10) < E(0, cr) < Cl g 2 
and 

(14.11) (d lp{ E)(0,a)=0, 

for a finite constant c\ > that is independent of a and g. There is a constant 
go > independent of a > such that, for arbitrary a > and for any < g < go, 
such that 

(14.12) 1< m* ren (0,cr) < l + c 2 g 2 , 

for a finite constant C2 > that is independent of g and a. 

Moreover, 
(14.13) 

under the assumption that Condition ( \ 14-.8[ ) holds. 
Lemma 14.2. For n > 0, we define the difference kernels 

where 

7(n) [2Q ■= w^o [p; e( n ,oo) [p] ; 2C] 

(14.14) fW[I] := T(")[p;e ( „ >oo3 [p];X] 

see aZso Theorem \b\J\ The following identity then holds independently of a. 
(14.15) 

l + Er=-iP-" + (^,,A7H)[Q] 



1 < lim lim m ren (p, cr) < 1 + c-iq 2 

p^Q a^Q 



p=0 
p=0 



1 

m* en (Q,a) 



i+Er=-i(^ A 7 („))[Q] 



where n + = max{n, 0}. TTie series in the numerator and denominator both converge 
absolutely, and uniformly in a. 



Proof. Let 



T, 



(n) 



(n) 



(14.16) W (n) := W (n) 

Since (Q, W^Cl) — 0, we find 



p=0 
p=0 



Recalling that 
(14.17) 



P - k (n, (d 2 p ,f {k) )n) 

{MM = I™ — ; = v— 

fe^oo (Q,(d Hf T (k) )n) 

T , („)K]=7(n)H-7(n)[Q] , 
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we write Tr n \ in the form 
(14.18) 

where j + = max{0, j}. 

Here, T/-i)[p n 'P] denotes the non-interacting part of H(p,a), cf. ( 111.8(1 . which 
satisfies 

(14.19) p- n dH f f^ 1) [p n 'P] = 1 = p- 2n d 2 {l f ( _ X ) [ P n V] . 

Recalling Theorem 14.171 we note that Yp"^ is identical to 1 in an open vicinity 
of X_ = 0, hence all of its derivatives with respect to X_ or p are zero at X = 0. 
Taking derivatives with respect to the spectral variable X_ for the vector-operator 
V_ = (Hf, Pf), and evaluating at X_ — 0, we thus find 

(a|f (n) ) = p-n^f^m 

n-1 

(14.20) + ^ p (l - l ~ 1 ' ( "~- 7+) (#§A7(„))[0] 

j'=-i 

for < \a\ < 2. The H/-part of f !14.20|l gives the numerator of ( I14.15jl . and the 
P/-part the denominator. 

We shall next prove absolute convergence of the series in the numerator and 
denominator. The estimate 

(14.21) ||5|A 7(n) || CT <c 3e 2 

was established as part of the derivation of ( 110.16(1 . for < \a\ < 2 with ao = 0, 
where the constant C3 is independent of e, 5, A, p, and a. 

Based on this estimate, we therefore obtain 

E p- j+ KiA-yu)M\ 
j>~i f 

00 00 

(14.22) < J2 c *P~ je2 i ^ c z ^Ip) 3 4 < 2c 3 eg, 

3=0 j=0 

for eo sufficiently small and p < (2c|) _1 < =. 
Moreover, 

00 

(14-23) |(^ / A 70 - ) )[0]| < £ c 3 S 2 < 2c 3 ^ • 

i>-i j=o 

Both ( 114. 2211 and ( 114.231) are uniform with respect to a. □ 



p-^-^x] 



£ p- (n_i+) [A7(„)[^ + A;] - A 7(n) [0] 
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14.2.1. Proof of Theorem \TJl\ ( I14.1()|l and f ll4.11jl were already proved in ( HT7|l 

and (ima. 

The estimate ( 114.12) follows from ( ( WA.'lty . and ( 114.15|) . for a constant 
c that is independent of eo and a. Finally, under the assumption that Condition 
( 114. 8fl holds, f !14.13|) is a consequence of Theorem ll5.1l below. 



15. Identification of two definitions of the renormalized mass 

For a > and g < go(cr), we shall next verify that the inverse of m* en (0,o~) in 
Lemma fl 4 . 21 agrees with d^E(p = 0, a). 

Theorem 15.1. For a > and \p\ > 0, there exists go(o-) > so that for all 
9 < 9o(o-), 

(15 ' 1} ^ EM = ^^)^ 

where g is the electron charge. 

We make the following choice of constants. 

For \p\ > and a > 0, we choose constants p = p(cr), So — 8o{o~), eo = e o(c) > 
sufficiently small so that the renormalization map 1Z P is codimension 2 contractive 
in the sense of for all < e < e (a) and < 5 < 5 (a) + 2e (cr). 

We choose the electron charge g sufficiently small so that in the first decimation 
step, defined in Section ITTTl belongs to D(eo(u), <5o(cr), |). 

Then, as in ( I13.21f> . we recursively define 

(15.2) 3e (n) [e (n)00) ] =n p [w^~ 1) [e( n -i, oo) ]\ , n > 1 , 

i.e. [e(n,oo)]}neN is the orbit generated by 1Z P with initial condition w} ^ [e(o,oo)] 

Here, 

(15.3) w (n) [e ( „,oo)] = ™ (n) [p;e ( „,oo)[p]]. 

The dependence on p is not explicitly accounted for in the notation; we are only 
interested in small \p\, and will eventually let \p\ — > 0. 

By Theorem l(j.6l wy 1 ' is an element of the polydisc 5)(e„, S n , A n ), for any n £ No, 
where we recall that 

en < 2- n e (a) 

S n < S Q (cr) + 2e Q (a) 

(15.4) A„ - 

Correspondingly, H {wj-^ [e(„ j00 )] is a bounded, selfadjoint (since e(„ !00 ) is real) op- 
erator on tired for every n £ No- 

To prove Theorem II 5. II we shall need the following identity. 



RENORMALIZED ELECTRON MASS IN NON-RELATIVISTIC QED 



85 



Lemma 15.2. Let, for n > m > 0, 

Q(m,n) '■= Q (m)F* p Q (m+l)Fp ■ ■ ■ Q(n-l)^p 



(15.5) 
and 



Q{-l,n) 



Q{-l)Q(0,n) , 
^(0,n)^(-l) ' 



(15.6) 

where for k > 0, 
(15.7) 
and 
(15.8) 

('see ( \ 12. Sty ). Then, the identities 

H(-i)Q(-i, n ) = P n {^*p) n Xl\ H f] H {n) 
(15-9) <9!-i,„)^(-D = P B #(n)Xi[ff/](r,) w 

and i/ie "collapsing identity" 



(15.10) Q;_ lin) F ( _ 1) Q ( _ 1) „ ) 



H {n) ~H {n) xi[Hf]Hj 1 xi[Hf]H { 



'(«) 



(which directly relates the fiber Hamiltonian Ht_\\ to the effective Hamiltonian Hi n ) 
of scale n) are satisfied for n > 0. 

Proof. The identity ( 115. 9|l follows from recursively applying the intertwining iden- 
titles ( Wim and f 115271 . 



To prove ( 115. 101) . we first verify that whenever m — n > 1 and to > 0, 

(15.11) Q( OTin )-H"(m)Q(m,n) = PQ\ m+1 ^)H( m+ i)Q( m+ i. n ) ■ 

This follows from 

Q(m,n)H(m)Q{m,n) = Q(m+\,n)^ pQ{m)H{™)Q{m)^ pQ{m+l,n) 



(15.12) 



(m+l,n) 



#(m+l)Xl [Hf]Hf 1 Xl [-ff/]ff(m+l)Q(m+l,n) 



since 



= r p[ F x P [Hf](H( m ) 7 H f ) 

- F x P [H f ]( H (rn), Hf)xp[H f ]Hj x x p [Hf}F Xi>[Hf] (H( m) , H f ) 
(15.13) = p if( TO+ i) - H( m+ i)Xi[Hf]Hj Xi[Hf]H(m+i) 
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using ( 14. 11(1 . Next, we observe that the last term in f ll5.12|l yields 
(15.14) 

PQ(m+l,n) H (m+l)Xl[Hf]Hf 1 Xl[ H f]H( m +l)Q(m+l,n) 
= P < 3(m+2,n) r P ( 3(m+l) jff (™+l)^l WfW^Xl [ H f]H [m+1) Q ( m +l) Tp Q{ m +l,n) 

= P 3 Q\ m+2 , n ) H (m+2)Xi [H f ]T p xi [H fWj 1 xi [H f ]T* p xi [H f ]H {m+2) Q {m+2tn) 

= P 2 Q{ m+ 2,n) H (™+2)Xl[Hf]T p Xp-i [Hf]HJ 1 X p -i [Hf]Xl{Hf]H( m+ 2)Q(jn + 2,n) 

= 0, 

since the supports of xi an d Xp- 1 do not intersect. Thus, we conclude by recursion 
that 



Q(m,n)H(m)Q(m,n) 



... = p 



\n-X) H (n-l)Q(n-l) 



H {n) - H {n) xi[H f )Hj l xi[Hf]H {n) 



(15.15) = p" 

for m > 0. For m = — 1, we have 

Q\-i, n ) H (-i)Q(-hn) = Q\ , n )Q{-i) H (-i)Q(-i)Q(o,n) 

(15-16) = Q\o,n) H (0)Q(0,n) 

~Q{o,n) H (0)Xl [HfW^Xl [i?/]if( )<3(0,n) - 

and the expression on the last line vanishes for n > 1 by the same arguments as in 
(HSU. We thus obtain f HPTJjl . 

Lemma 15.3. For n > 1, and \p\ > sufficiently small, 

(15.17) (SI, d H} H (n) flj = ||Q ( _i, n) fi 
where fl is the Fock vacuum, and 

e 2 

(15.18) |err„|<c^ 

P A 

for some finite constant c which is independent of n and p. 



□ 



Proof. By the previous lemma, 

(15.19) (n,d Hf H {n) n) = (/) + (//), 

where 

i 1 ) ■= P" T, (n,flH / [Qj_i, n j^(-l)0(-l,n 



n 



(15.20) (II) := {n^H^H^xAHfW^xAHfW^ 
The term (II) can be easily estimated, 

(II) = (^^^[w^xiiH^HfxiiH^W^ 

< c\\W( n) \\ p\\d Hj W {n) \\ op + c\\W {n) \\ 2 op 

< 4*> w \\l 

(15.21) < ce 2 n , 



n 
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as it only depends on operators on the scale n. 

To study the term (J), we note that 
(15.22) d Hf T p =pT p d Ht , d Hf T* p = p-^dH, 

Accordingly, 

(15-23) (7) = (h) + (J 2 ) + (J 3 ) , 



where 

(h) := ^ n{0 '" J ' } ( fi,Q (-l.") if (- 1 ) g (- 1 ^- 1 ) ( ^ Q « )r ^^ 1 >") )' 



J=-l 

(15.24) 
and 

(15.25) (I 3 ) := (n,Q{_ ljn) (a H/ F(-i))0(-i,„)n). 

The factor p~ 3 in the j-th term of stems from pulling the operator du s through 
the n dilatation operators T p contained in Qi x n y which produces a factor p n , and 
through the j inverse dilatation operators T* in Q/_ij_i^T*, which generates a 
factor p~ 3 . Together with the overall factor p~ n contained in (/), we obtain the 
factor p~ 3 for j > 0. In the case of (I3), the overall factor p~ n has been cancelled 
by a factor p n obtained from pulling the operator 0h } through the n dilatation 

operators Y p contained in Q?_j n y 

Since Sj^i^-i) = 1, it is clear that (I3) is the desired main term in f ll5.17f) . 

It remains to show that (Ii), i — 1,2, contribute only to the error err ra . To this 
end, we note that 

p~ 3 Q\-i. ll ) H (-i)Q(-i,]-i)( d H f Qu))~r*Qu+i,n) 
= p"--'' J ff ( „)xi^/](rp) n Q(-i J _i)(fe / Q - ) )r;Q b+1: „ ) 
= p"^i/(„)(r (9 )"xi[p _n -ff/]Q(-ij-i)(5/i- / Q(j))r*(5(j + i i „) 



(15.26) 



p n - 3 H (n) {T p r- 3 xi[p- n+3 H s ]{d Hs Q U) )T;Q {3+hn) 

if j < n - 1 
pH( n )T P x P [Hf}d Hf Q(n-i)^* p if j = n - 1 ' 



where the 'collapse' to the scale n is a consequence of 

xAp^H^Q^^) = Xi[p- n Hf\Q { . 1) Q {0) V* p Q {1) T* p ---Q {j _ x) T* p 
= Xi[p- n Hf]Q {Q) T p Q {1) T p ■ ■ ■ Qy_ x) r* 

= r; Xl [p- n+1 H f }Q {1) T;---Q u _ 1) T; 
= ■■■ = (T;) k xi[p- n+k H f ]Q (k) r; ■ ■ ■ Q^r; 
(15.27) = (T;y X i[ P - n+3 H f }, 
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since for all m > 1, 

Xi[p- m H f ]Q {k) = X i[p- m Hf](x P [H f ] 

-X P [Hf]R ik) X P [H f }(H (k) ~ H f ) Xp [H f ]) 
= X i[p- m Hf]x P [H f ] 

(15.28) = X i[p- m Hf], 

see also ( I4.15JI . Furthermore, 

(15.29) X i[p- n+j H f ]d Hf Q u) =0 
for j < n — 1 , because 

d H f Q(j) = d Hf x P [Hf}- P Ran ( Xp [ Hf ])d H:f Xp[Hf]R( n ) 
(15-30) x P [Hf]{H {n) -H f )x P [H f ] , 

and 

Xi[p- n+j H f }d HfXp [H f } = 
(15-31) Xi\p- n+j H f ]Pn^(x P [H f ]) = 

for j < n — 1. Here, we have used that for p < |, supp(i9 a; Xp[a;]) C [^,p] does 
not intersect supp(xi \p~ n+ ^x\) C [0,p 2 ] if j < n — 1 (see the definition of xi m 
f I5.1|l and below). Moreover, -Pa a n(x P [-ff/]) denotes the orthogonal projection onto 
the range of x p [Hf]. One finds 



P 

(15.32) 



^, H(n)T p Xp[Hf}d Hf Q(n-l)^ 



< 



for a constant c which is independent of p, n, and j. Here, we have used ( 113.441 . 
We get 

i (h) i < c^p^-hi 



(15.33) 

Thus, 
(15.34) 



< c ■ 



err„ 



(h) + (h) + (II) 



is bounded by ^% as claimed. 



□ 



Proposition 15.4. Let ^(0,0") denote the ground state of the fiber Hamiltonian 
H(0,a) for conserved momentum p = 0, normalized by 

(15.35) 

Then, 

(15.36) 



n,*(o,CT)) = i 



lim (ft, 



(n), 



p=0 



*(0,cr),*(0,a) 



RENORMALIZED ELECTRON MASS IN NON-RELATIVISTIC QED 



8!) 



Proof. We recall that the ground state of H(p,a), derived from 

(15.37) *(p,<r)= lim Q ( _ 1>n) , 
satsifies the normalization condition 

(15.38) (n,Vfa*))=l, 



independently of p and a > 0, see ( I13.27JI . Furthermore, linin^oo err„ = 0, since 
e n — > as n — > oo. Thus, the assertion of this proposition is an immediate corollary 
of the previous lemma. □ 

Next, we shall address derivatives in P'j := (Pf,n) K 3, where n <G M 3 , \n\ = 1 is 
an arbitrary unit vector. 

Lemma 15.5. The identity 

(15.39) (</>, (d p tQ\_ ltn) )i>) =P n ({d p \\Q { -i, n) )<t>, i>) 
holds for n > 0, and any tp S T , <fi € Tired- 

Proof. The intertwining relations between the operators d„\\ , T p and T* are given 

by 

(15.40) „r* = -ra , , 9 pll r p = P r p a pll . 

We thus find 

(15.41) d p$ Q\ 0>n) =J2 P min{n ' n - j} Ql j+1 , n) r;(d pj q^qI^ . 

j=n 

There is a factor p™ - -? in the j-th term of the sum if < j < n, because d p \\ is 

pulled to the right through n — j dilatation operators T p until it acts on Q(j). Only 
for j = —1, no additional factor p is introduced. 

On the other hand, 

n 

(15.42) 9 p yQ (0 ,„) = P mitt{ ^' ]} Qi-i,j-^ d pjQ(3))KQ(j+hn) ■ 

3=-l 

The factor p - -' in the j-th term of the sum arises because d p \\ is pulled to the right 

1 

through j dilatation operators T* to act on Q[j). Only for j = —1, there is no 
additional factor p. 

Direct comparison of C 115.41(1 and ( 115.42(1 establishes dl5.39|) . □ 

Next, we link derivatives in \p\ at p = with derivatives in PjJ . 

Lemma 15.6. Let ^(p, a) denote the ground state of H(p, a) as defined in ( \15.3T\) . 

Then, 



(15.43) (S| p |*)(Q >£ r) - - lim d p]l Q ( _ hn) 



p=0 



'.)() 
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Proof. We note that from 

(15.44) ^(-i^C-Loo) = 
clearly follows that 

(15.45) *(0, a) = -H { _ l) (9 w *)(0,a) 

p=0 p=0 

By 0(3)-symmetry, and differentiability of E(p,a) at p = 0, 

(15.46) (9 Hj B)(0,<7)=0. 
Thus, one immediately verifies that 

(15.47) 

On the other hand, 



d \ P \ H (-i) 



p=0 



p=0 



(15.48) fl p i,F ( _i) *(0, a) = -i?(_i) (fl p iiQ(_i,oo) )«, 

/ p=0 p=0 / p=0 



where we recall that $(0, cr) = Q(_i 



(15.49) 



p=0 

:= (fl| p |*)(0,<7) 
C : = 5 p nQ(_i jOC ) 



f2. For brevity, let 



p=0 



Comparing ( 115.45(1 and ( 115.48(1 . we find that 



p=0 



(0 + = o . 



(15.50) 
Thus, 

(15.51) </> + C = A*(0,cr) 

for some A 6 C. We shall next show that A = 0. To this end, we prove that 

(15.52) (o. <>} = = (<>. ^ 
Since 

(15.53) (n, *(0,<r)\ = 1 , 
cf. f 113.27(1 . this immediately implies A = 0. 

To prove ( 115.52(1 , we observe that 



tt,4>) = ]imJ2(^'Q(-id-^( d \p\Qu)) T * P Q(j+^) 



3=-l 



p=0 



3=-l 



p=0 



(15.54) 
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(passing to the second line, we have used ( 14.15(1 ), since 



n > C fi) |p| < 9(j))0 / 
n . - Xp[ff/]%)Xp[^/](%) - ///)* /' 

-(« . [d\P\ (x P [Hf]R U) X P [Hf}(H (j) - H f ) Xp [Hf] 
Xp [H f ]Q , [d lpl (r U)Xp [H s ]{H {j) - Hf)x P [Hf] 



(15.55) = 

for any vector <f>' S Ran(xp[-ff/])- 
Similarly, 



n,c) = iim £ p- min { ^(n,Q ( _ 1)J -_ 1) (a pl iQ (i) )r;Q (j+1 ,„ ) 



p=0 



E ^ min{0j} ("< (d p! Qu)KQ u+ i, n) 



i=-i 



p=0 



(15.56) 



= 



This concludes the proof. 



Proposition 15.7. We have 



Jim p- n {£l,d\H {n) 



p=0 



(15.57) 



*(0,a), 4-(0,a) 



2((5 H *)(0,a), J ff ( _ 1) (9| p |*)(0,a) 
\ p=0 / 



Proof, r mnnt yields 



d 2 p \\ H (n) 
(15.58) 



p=0 



QU, n) H(-i)Q ( - 



l,ri) 

p=0J 

H^xxlHflHfxilHflH^ 



p=oJ 
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dp||-ff(«) 



We note for the first term after the equality sign that for every operator d p \\ which 
is pulled through Qi-y n \ from the left, we obtain a factor p n . Therefore, 

n = P"Q(_i,„)(^pl|-H'(-l))Q(-l,r 1 ) n 
p=0 1 f P—0 

+2{d p \\Q i { _^ n) )H { _ 1) {d p \\Q { _x >n) ) 
+2p n Ql_ hn) (d p] jH { _ 1) )(d p] jQ ( _ hn) )\ =q 

+2(^lQ;_ 1 ,„))(^l^(-l))0(-l.n) 
+p- n (d 2 p]l Q\_ 1>n) )H i _ 1) Q i _ hn) 



p=0 



p=0 



p=0 



(15.59) 
Using 

(15.60) 
and 

(15.61) 
we obtain 



~P n dl, H (n) xi [HfW^xi [Hf}H (n 



+p n Ql_ ln) H ( _ 1) (d pl} Q ( _ 1 . n) ) 
f 

p=0 



p=0 



(9 i3 ll-ff(-l))Q(-l,n) 



p=0 



■-ff(-l)(^pllQ(-l,n)) 



p=0 



+(rp™ X i[ff/](3 pll ff(„)) 



— _ P "(^pIlQf-l.n))^-!) 
p=0 V v ' y K J 



p=0 



p=0 



+(d pl] H (n) ) Xi[H f ](T p r 



p=0 



p=0 



P n (n , Q\_ hn) (d 2 p , H { _ x) )Q { _^ n) \^n) 



2{n , (d p j 0^_ lin) )ff ( -i) (a p „ q ( _i,„)) 



p=0 



f2 ) + ef r n 



(15.62) 







p=0 



p (Q , Q(_ liTl )Q(_i, n ) 
2 P \(d p iiQ(-i,n)) -ff(-i)(9 p iiQ(-i,n)) fi)+efr n 

\ / p=0 / p=0 / 



where we have used Lemma ll5.5l The error term is defined by 

(15.63) err„ = errW + efr^ 2) + efr^ 3) 

where 

err« := p n (n , Q{_ ljn) ^(-i)(^ n ) + h - c - 

errl 2 ) := ^(o , (^ff (n) ) X i[ff/](r p )"(^Q ( _ lin) )o) + fce. 



(15.64) efrf := WO , d\ H^XpiH^H^XpW^H^ 



n 



p=0 



RENORMALIZED ELECTRON MASS IN NON-RELATIVISTIC QED 

We find the following estimates. 

|err«| < 2p 2n (si, H {n) xx[H f }{Y p ) n {d 2 ,Q { _ hn) ) fi) 

\ r s p=0 I 



2p n (n, H (n) xi[H f }(T p nd\Q {n _ 



fi 



p=0 



(15.65) 



< 2/9" 

< cp 



Xi[H f }W (n) Sl (d\Q in _ 1} ) 



fi 



p=0 



n-3 ,2 



using f ll3.44|) . Furthermore, 



Iefri 2 )| 



< 2p r ' 



n, {d p ,H [n) ) Xl [H f ]{T p ) n {d p ,Q ( ^, n) )n 

< 2p n \\xilH f }(d p jQ\ n _ 1) )n\\ \\ X i[H f ](d p jW (n) )n 
(15.66) < cp n - 2 el, 

using f ll3.44jl . and 

fi 

p=0 



efrfl = p n (n,dlj[W {n) x P [H f }Hj 1 Xp [H f }W (n) 

2 

< pmp[Hf]Hj 1 x t ,[H f ]\\ op (^2\\&" i W w 



p=0 



lop 



< cp^e 2 



1 11(7 

n ' 



(15.67) 

Thus, lim n ^oo p~ n err n = 0, since e„ — > as n — > oo. 
The claim follows from ( I15.62f> and Lemma Tl 5. 61 



<):S 



□ 



Proof of Theorem 115. U From ProDOsitions ll5.4l and ll5.7l we find 



Um 



rj p = Q 



p=0 



(15.68) 



1 - 2- 



((d ]p ^)(0,a), H { _ x) (9 H *)(0,a)) 



p=0 



(*(0,<r), *(0, a)) 
which agrees with the definition of the renormalized mass 
1 



m ren (0, a) 



(15.69) 



= (df p] E)(0,a) 

<*(0,a),*(0,(7)> 



from ( 113.11(1 . This establishes the equality of the two notions m ren (0,a) and 
m* en (0,a) of the renormalized electron mass. 
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16. Computation of the renormalized mass 

The renormalized mass can be determined to any arbitrary level of precision by 
use the identity 



(16.1) 



m re „(0,0) 



1 + £~=0 d X 



1 4- V°° n~ n B 2 



obtained from formula ( 114.15ft . 

This follows from the fact that for n > — 1, 



(16.2) A 7(n) [X] = £(-l) £ " 1 £ 



V, 



(L) 



0,p,0,q 



L=2 



PI .91 •■■■•PL '1L- 
P£ + 11 > 1 



^ (n) [e(„,oo)] 



X 



p=0 



where the quantities Vq t0 q , defined in ( 17.3(1 . are explicitly computable. Indeed, 
the isospectral renormalization group provides a constructive, finite, and convergent 
algorithm. 

We recall here that n = — 1 accounts for the first decimation step, which is 
discussed in Section 111.11 Through (|16.2|) , the numerator and denominator in 
( 114. 15ft . and thus the renormalized mass m* en (0,0), can be determined up to any 
given level of precision. 



16.1. Determination of the renormalized mass in leading order. As an 

application of our analysis, we shall here calculate the term of leading order 0(g 2 ) 
for the renormalized mass TO re „(0, 0), and rigorously bound the errors by o(g 2 ). 

Theorem 16.1. The renormalized mass at conserved momentum p — 0, and in 
the limit a — > 0, is given by 

&7T 7 

m re „(0,0) = l + — g 2 c 2 +0{gi) . 



(16.3) 

where 
(16.4) 

and k(x) := limo-^o K a (x) 



C2 ■-- 



dx 



K 2 (x) 

1+21 ' 
1 ' 2 



Proof. We set a = 0, and let 



(16.5) 



H, 



O) 



(n,oo). 



p=0 



Xl [Hf] + T( n ) + W{n) 



denote the effective Hamiltonian on scale n, where here and in the sequel, the tilde 
shall notationally account for evaluation at p = 0. 



We have 
(16.6) 
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with 

e« < (c 4 p)"e < 2~ n e 

8 n < 5q + 2eo 
(16-7) A„ = ~p" 

(04 is defined in f lll).18|l ') and 

(16.8) |e (W)0o) | < 2- n e , 
where 

(16.9) e ,<$o = 0(5) ■ 

Codimension 2 contractivity of 1Z P on S)(eo, c>o + 2eo, 1/2) is ensured by the require- 
ment 



(16.10) p < ^ 

see Section fTUl 



1 

3 



16.1.1. Calculation of the leading term. We determine the leading order contribu- 
tion Vq i^) 2 i™'' \X] in f ll6.2|) explicitly for n = — 1 and n = 0. 

We have 

<w~ x) g] = -{n,wfc l) \p+mi[H f + x ] 

(16.11) ^ 1) [E + axi[^/ + ^o]^ 1 ( o 1) [E + ^]^) , 

and 

(16.12) 4° 3 EE + P^IXpI^/ + P^o]^ [E + 
We recall the definition of the operators appearing here. 

In the case n = — 1, we have 

(16-13) f ( _ 1) =e ( _i, oo) l+JZ/ + -^- 1 

so that 



(16.14) 4 iJ [£] = [Hf+{e { -x <00 ) + \p})xl[Hf] 
on the range of Ran(^i [Hf]). Furthermore, 

(16.15) <o 1} =/ ^ra*(K) W [: 1) [V:K} = (wt 1 1) Y 

JR3 |fc|2 

with 

(16.16) w[;V[P;K}=g(e(K),Pf) WL3 K(\k\) , 
where K(|fc|) = lim^^o to.(|fc|). 
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In the case n = 0, our analysis of the first Feshbach decimation step in Sec- 
tion ^O] has yielded 

T {0) [V] = H f + -P fXl [H f ]~- 4 P fHf+1 _ p? _ l[Hf] 

(16.17) +Af (0) [2] ! 

where ||AT(o)||x < 0(g 2 ) contains all terms depending on e(_ ljOC ) = 0(g 2 ). We 
therefore have 

1 -}2-2rrr K, 2 T 



Hf + ^Pfx;[Hf]xt[Hf] 



i p4 x 2 P [Hf]xj[Hf] i- 1 2 

on the range of Ran(x p [i?/]), where the term of order 0(g 2 ) is small with respect 
to || • 1 1 %. Moreover, we recall that 

/" 



T (-Dr P , N .-pi i l p2 Xi[g/] 



(16.19) +AT^ 1) [e ( _ li00) ;E] , 

where the terms depending on e(_ loo ) = 0{g 2 ) have been absorbed into the error 
term with UAT^Hs < 0{g 2 ). Then, 

(16.20) < } =/ ^a*(^S[£;if] = 

J Si I "'I 2 

with 

(16.21) = r[- 1) [V+ Mw^imr^lV] + Aw^fcK] , 

where the analysis in Section has shown that || Au^H^ < 0{e 2 ] ) = 0(g 2 ). 

Evaluating ( 116.11(1 and ( I16.12|l , we choose an arbitrary unit vector n£l 3 and 
differentiate with respect to X" = (X,n) K 3. The result for n = —1 and n = is 

(16-22) d 2 xll V iL =T ] = 8 -?-9 2 C n + O(gZ) 

A — >0 o 

with 

(16 . 23) Cj .f^ 



and 



(16.24) C = / dx 
Jo 



i + fxiN 

auburn _ 2 XlW_\2 



^NXrWa-fT^fH) 2 



i + f x?Mx?M - f x?Nxf Wt+i^h 

A straightforward calculation (using Xi + Xi = 1) shows that 



DC- 



K [ x )Xp[ x ] 



(16.25) C - + C » = / *1 + WM - 

which is similar to C_i, but with %i replaced by Xp . This is a consequence of the 
composition property of the smooth Feshbach map, see Section POI 
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Thus clearly, 

(16.26) \C^ + C -c 2 \ <0( P g 2 ) , 

where p is chosen g-dependent and small in the end. 



16.1.2. Higher order errors. We shall next estimate the higher order corrections to 
the leading term. 



Lemma 16.2. For n = — 1 

(16.27) 

while for n > 0, 



A 7(-i) + V \ 101 



< eg* , 



(16.28) 



(L=2;n) 



A7(n) + V % 



<cg^ 
% p 2 



Proof. This follows from the calculation in ( I1U. 14|) . which gives 



X 



EC- 1 )* -1 E Sr^) 

L=3 PI 1 91 Pi. 81,: 

oo n l 

< 20C^E( i + 1 ) 2 (— ) 

L=3 ^ 

^ e n{(^r(^)-K--ft} 

Pl.ai ,---,PL'QL- £=1 v ^ c V 

+Q£ > 1 

OO 

< 20C , ^pE( i + 1 ) 2 ( s( " ) ) i 
(16.29) < 



p=0 



L=3 



2000C, 5 



9 



e II («) ,,3 

2 ii— i ik,<r 



for n > 1, where we recall that 
(16.30) 



£ l > := — < ——IK Ik,. 



p(l-20 21 -'■ p 
for £ < \, and use £l= 3 ( £ + 1) 2 B L < 25B 3 for B < Since 

(16.31) < e« < (C4p)™e , 
we get 

(16.32) (mm < ^^(c iP ) 3n 4 , 

and we recall that eo = 0(g). 
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Moreover, 

E|k£a n) |L * ^J2\\w^\\i\\ w ^\\i 

p>2 P p>2 

< 20^||sfiW||^ 

(16.33) < 20^-e 4 n . 

It is clear that in the case L = 2, only Vgfj o"?"^ with p = q are non-zero. This 
proves ( I16.28p . 

The bound f !16.27|) for n = —1 is obtained similarly, but uses the modifications 
described in Section f 11 . II (replacement of operator norm bounds on the interaction 
operators by relative bounds of with respect to the free Hamiltonian Tr_i)). 

□ 

Lemma 16.3. 

oo 

(16.34) 5>"14nA7(»)| < cpg 2 , 

n=l 

forp< A <1. 



Proof. In the case n = 1, one can explicitly verify that 



(16.35) 



T/ (L=2;1) 
0,1,0,1 



(no inverse factors of p). The calculation is essentially the same as for Co. Com- 
bining f !16.29|) and ( 116. 3311 for n = 1, we thus obtain 



(16.36) 

For n > 2, we find 



A 7(1) <0(e^) + 0(p-^). 

A — >0 X 



(16.37) 



< 



< 



< 



L=2 



w.n pi,.«i,! 



pp. v (L;n) 
U X\\ V 0,p,Q,q 



(n,oo) J 



p=0 



p 



by the same arguments as in the proof of the previous lemma, or in Section ITU1 
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Thus, recalling that e„ = (c4p) n eo, 

OO OO 



(16.38) 

where p < ^ -C 1- 

AC A 



n=l 

< cpel = 0(pg 2 ) 



16.1.3. The denominator of f \16.1\) . Collecting the above results, we find 

< \C +C x -c 2 \ 



E P x A 7(n) - 52 

n>-l 



e ii A 7 ( n)+^a n) 

n=-l,0 

Ep- b |a 

n>l 



A^O 



W(») 



(16.39) 

for p < — < 1. 

(2c 4 )3 



< o(p^) + o( P -V) 



16.1.4. T/ie numerator of ( \16.1)) . One can straightforwardly verify that 



(16.40) d Xo 
for n = — 1 and n — 0, and 



a^o 



<,o 2 i n) < 0( 5 3 ) 



|5 



a„ 



(A7(n) - <r,o 2 r } )| < A 7(n) - 



(L=2;ra) 



A^O 



(16.41) 

from Lemma 116.21 On the other hand, for n > 1, 



|5 



A'r 



A^O 



A 7( n)| < |E(- 1 ) i_1 E v£$ q \y,W[e [ntO0) ] 



L=2 



x 



< 20ClpJ2( L + 1 ) 2 ( B(n) ) 1 



L=2 



(16.42) 



< 



960C, 



© ll„„( n )||2 



for £ < |, and using El= 2 ( l + 1) 2 B L < 12b2 for B < Ta- In conclusion 



El^o v a 7( „)| < o(p-V) + -E( c ^) 2 " e 

A— »0 p 



(16.43) 



o( P -V) + -( C4 p) 2 ^ 

0(p 5 2 ) + 0(p-V)- 
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for p < ^ « 1. 

16.1.5. Determination of the renormalized mass. In conclusion, 

m re n(0,0) = 



i + E~oP-4 , 

1 + 0{ P9 2 ) 



1 - f 9 2 c 2 + 0(pg 2 ) + 0(p- V) 
(16.44) = l + ^- g 2 c 2 + 0(gi) , 

where the bounds have been optimized by choosing p = gh . Based on the isospectral 
rcnormalization group, we have here obtained rigorous error bounds with explicitly 
computable constants. □ 

In the same spirit, it is possible, by use of the isospectral renormalization group, 
to determine the renormalized mass to any given level of precision, with rigorous 
error bounds and explicitly computable constants. 
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